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Abstract. One of models for free surface flows is the gravity wave-model equations. In this
paper, we propose a finite volume numerical method for solving the gravity wave-model
equations. The numerical scheme is explicit, so it is easy to implement. The scheme is
consistent with the gravity wave-model equations. Numerical results show that the proposed
method is stable. As cell widths and time steps are taken smaller, the errors of numerical
solutions get smaller too. Therefore, we infer that the numerical solutions are convergent to the
exact solution.

1. Introduction

Real problems can be modelled mathematically. The Saint-Venant equations form a mathematical
model for free-surface flows. The Saint-Venant equations are often simplified for practicality reasons
and faster calculation. However, the simplification must still be able to capture the physical
phenomena.

The gravity wave-model equations are some simplifications of the Saint-Venant equations by
neglecting the convective term in the equation of momentum conservation [1-2]. This is valid as long
as the gravity effect is much more dominant than the convective effect. This model can be used for
simulation of natural disasters, such as tsunami, floods [3-6] and landslides [7]. The analytical exact
solution to the gravity wave-model equations is available only for some specific type of problems,
such as the dam break problem studied by Martins et al. [1]. The general analytical exact solution to
this model is not yet available. Therefore, in order to solve this model for the general case, a numerical
method should be developed. A fast and accurate but simple numerical method is still a research gap.

In this paper, we aim to fill the mentioned research gap by proposing a finite volume numerical
method for solving the gravity wave-model equations. The numerical fluxes in our numerical method
are calculated using the Lax-Friedrichs formulation. We provide the numerical scheme and some
numerical results. We use the dam break problem for a numerical test case. However, note that the
dam break problem in this paper is assumed to be governed by the gravity wave-model equations,
instead of the usual Saint-Venant equations.

The rest of the paper is written as follows. We recall the gravity wave-model equations in
Section 2. We provide the finite volume method that we propose in Section 3. Numerical results are
explained in Section 4. Finally, we conclude the paper in Section 5.
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2. Gravity wave-model equations
In this section we recall the mathematical model (the gravity wave-model equations) that we want to
solve.

The gravity wave-model equations are [1, 8]
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where h = h(x,t) is the fluid depth, g = q(x,t) denotes the unit-discharge, g is the gravitational
acceleration, t is the time variable and x is the space variable. All quantities are assumed to be in SI
units. Here, the conserved quantities are the water depth h(x, t) for equation (1) and the unit-discharge
q(x,t) for equation (2). We assume the relation q(x,t) = u(x,t)h(x,t), where u(x,t) is water
velocity.

The gravity wave-model equations are some simplifications of the shallow water equations (the
Saint-Venant model). That is, the convective term in the momentum equation of the shallow water
equations is neglected. This is valid as long as the convective term is assumed to be very much
insignificant in comparison with the gravity term. More discussion on the gravity wave-model
equations can be found in the work of Martins et al. [1-2].

Our focus in this paper is to solve the gravity wave-model equations numerically. The general exact
solution to the gravity wave-model equations is not yet available. However, their exact solutions for
some specific cases of the gravity wave-model equations have been identified, for example, see
Martins et al. [1] and Mungkasi et al. [9]. We can use them as benchmarks for our numerical tests. In
particular, we use the exact solution derived by Martins et al. [1] as the benchmark for the present

paper.

3. Finite volume method
In this section, we present the Lax-Friedrichs finite volume method for solving the gravity wave-
model equations.

Each of the gravity wave-model equations (1)-(2) is a conservation law in the form of

9 g F =0 3)
aQ(x.tHa Q1) =0,

where Q(x,t) denotes the conserved quantity and F(x, t) represents the corresponding flux function.
Using the standard finite volume method for conservation law (3), we have the first order finite
volume scheme in the explicit form, as follows:
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where Q' =~ Q(x;,t™) , Fﬁl ~ F((xiﬂ/z,tn)) , At is the time step, and Ax is the space step. The
2

Lax-Friedrichs fluxes for equation (1) are
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and
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The Lax-Friedrichs fluxes for equation (2) are
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The finite volume scheme (4) with numerical fluxes (5)-(8) can be iterated with respect to the space
index i and the time index 7, in order to obtain the numerical solution to the gravity wave-model
equations. The finite volume method (4)-(8) is consistent with the conservation law (3), as explained
by LeVeque [10-11].

4. Numerical results

We present our numerical results. Numerical solutions shall be judged based on its accuracy with
respect to the curve matching with the analytical exact solution. All quantities are assumed to have SI
units with the MKS system.

In our simulations, we use g = 1, Ax = 0.05, and At = 0.25Ax. This time step At is set to this
value, in order that the numerical method is stable. Our simulations are stopped at time ¢t = 1. We
assume that the initial fluid depth is h;y = 10 and hy = 5, as shown in Figure 1. The initial condition
for fluid velocity is u(x,0) = 0, for all x. The boundary condition at x = —L is

h(—-L,t) =10, u(-L,t)=0, 9)
andatx = L is
h(L,t) =5, u(L,t)=0. (10)

This is called the dam break problem. In this problem, we want to investigate how water flows for
time t > 0 if the dam wall is removed at time instant t = 0. In our simulation, we take L = 10.

Dam
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Figure 1. Initial condition of the dam break problem.
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Figure 2. Graph of fluid depth and velocity. Here we compare our numerical solutions with the exact
solution. The number of cells is N = 400, the uniform cell width is Ax = 0.05, and the uniform time
step is At = 0.25 Ax.

The exact solution to this dam break problem governed by the gravity wave-model equations was
derived by Martins et al. [1]. The exact solution for the fluid depth is

h‘l if x < _Clt
hy =x2/gt? i —cit <x < —cyt
hx,t) = h,=c2/g if —t<x< ¢t (D)
ho if x <&t
The exact solution for the fluid velocity is
0 if x < _Clt
us = 2(cit3 +x3)/3x%t —cit S x < —cyt
wrp) = U3 = 2at ) i T2 (12)
u, =2/3[(ci/c3) —c,] if Gt <x < ¢t
0 if x <&t

where ¢ is the wave propagation speed. In addition,

c; =+ gh; . 3 =—x/t, c3 =ci+3/2(ct —ciJ(ct+c2)/2, co = +/ghy . (13)

Furthermore, ¢ is the shock speed given by

§=(cg+c3)/2. (14)

A representative of numerical results is given in Figure 2. This figure shows a comparison between
the numerical solution with the exact solution. The numerical solution is produced using the number of
cells N = 400, the uniform cell width Ax = 0.05, and the uniform time step At = 0.25 Ax. We notice
that numerical solutions are very close to the exact solution. We also notice that the significant source
of errors are at non-smooth regions.
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Table 1. Errors and convergence rates of numerical solutions

N Error  Error Convergence rate Convergence rate
of h ofu for h foru
100 0.1150 0.0422 - -
200 0.7777 0.0280 0.68 0.66
400 0.0510 0.0185 0.66 0.66
800 0.0330 0.0121 0.65 0.65
1600 0.0205 0.0075 0.62 0.62

Results of those if we vary the number of cells are quantitatively written in Table 1. As the number
of cells gets larger, the errors becomes smaller. Note that a large number of cells means a small cell
width. We observe that numerical solutions are convergent to the exact solution, as the number of cells
gets larger. We have used a first order finite volume method. This means that the convergence rate
should be one if the solution is smooth. However, our solution to the dam break problem contains non-
smooth regions. This makes the convergence rate is less than one, as shown in Table 1.

These findings could have implications in the development of flood flow simulations when the
gravity wave-model equations are used. The proposed finite volume method based on the Lax-
Friedrichs formulations are simple and fast to compute yet it is accurate with relatively small errors.
The proposed method could be implemented as an alternative solver in case studies, such as that in the
work of Martins et al. [2].

5. Conclusion

We have presented the Lax-Friedrichs finite volume method used to solve the gravity wave-model
equations. The method is explicit, so it is simple to implement. The first order method leads to less
than one for its convergence rate when we solve the dam break problem. As long as the time step is
chosen sufficiently small such that the method is stable, the numerical solutions are convergent to the
exact solution. Our research is limited to frictionless model of the gravity wave-model equations.
Future research direction could be investigating the numerical solver for the gravity wave-model
equations involving friction.
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