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Abstract. In this paper, we consider the motion of two layers of fluids having different
viscosity values. The motion is driven by a moving surface, but the bottom is fixed. An exact
analytical solution for unsteady state cases is not available. Therefore, a numerical method
should be used for the solution to unsteady state cases of the problem. In this work, we propose
a finite volume numerical method to find the numerical velocity of the problem. We use the
Lax-Friedrichs formulation for the flux calculation. Our numerical results show that fluids
move following the motion of the surface. In addition, the fluid at the top layer moves faster
than the bottom layer fluid. These behaviour is correct with respect to the physical problem
under consideration.

1. Introduction

Numerical simulation has been widely used by mathematical modellers to investigate physical
phenomena. The phenomena is first modelled into a system of equations. The system is then solved
numerically, as the exact analytical solution is generally difficult to find.

This paper considers the problem of two layers of fluids moving in one direction. We assume that
oil layer is on the top of water layer. The two layers are in between a moving surface and a fixed
bottom. The moving surface has a constant velocity. This problem was introduced by Caldwell and
Ng [1], who used a finite difference method to obtain its numerical solution.

In this work, we provide an alternative numerical solver by proposing a finite volume method to
find the numerical solution to the problem. The finite volume method works well as long as the
mathematical model can be written in a conservative form. We implement the Lax-Friedrichs
formulation [2-3] to compute numerical fluxes of the conservative form of the model. Our numerical
scheme is explicit. As time tends to infinity, the motion of fluids is steady. This is confirmed by the
exact as well as the numerical solution. The numerical solution agrees quite well with the exact steady
state solution.

The rest of this paper is organised as follows. We present the problem formulation in Section 2.
Numerical method is proposed in Section 3. We provide numerical results in Section 4. The paper is
concluded in Section 5.

2. Problem formulation
This section introduces the equations for the motion of the two-layer fluids.

Consider two horizontal plates with a distance of 10 cm and between those two plates there are oil
and water layers, as shown in Figure 1. The top plate moves to the right with a constant velocity. The
bottom plate is fixed. We assume that starting at time t = 0, the top plate moves with constant
velocity 7 cm/s.
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Figure 1. Two plates spaced 10 cm apart.

This problem has been modelled mathematically by Caldwell and Ng [1] as:

avwater aszater (1)
= Hwater 7
dat 0x
and
0V, 0%V,
oil = Uoil cz)ll . (2)
dat Ox

Here vy ater(x, t) is the velocity of water, vq;(x, t) is the velocity of oil, Uyater iS the viscosity of
water, and [,j is the viscosity of oil. The free variables are time t and space x. The space x is the fluid
height measured from the bottom. At the oil-water interface, we have the following relations:

Voil = Vwater » (3)
and
0V4il 0Vyat
Hoil a_;l = Uwater 2/; = “)

The simulation is conducted to determine the velocity of fluids at any time t > 0, especially for a
large time t, when the steady state is achieved.

3. Numerical method
In this section we present a complete mathematical model and the finite volume method that we
propose to solve the problem.

The mathematical model is given in the following two sets of initial-boundary value problems:

Vwater 0% Viater
— = ———,0<x<6
ot HUwater 9x2

Vwater(X,0) = 0
)\ 17water(0' t) =0 (5)
Vwater(6,t) = 411(6, )

aVoil avwater

Hoi ox | g = Uwater ax

xX=6
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avoil azVoil
— =y —,6<x<1
ot Hoil Ix2 ,6<x <10
Voil(x,0) = 0
3 V01 (10,8) = 7 (6)

V0i1(6,t) = Vyater(6, 1)

aVoil avwater

Hoi ox | g = Uwater ax

xX=6

The problem (5) and (6) can be solved separately, because there are some conditions that relate to each
other.
In order to use the finite volume method, we rewrite equations (5) and (6) as:

6vwater _ aszater — 0 (7)
at Hwater 9x2 ’
Ov,; 0%v,;
oil Loil oil -0. (8)
ot 0x?
Therefore, we have
d d d
Uwater _ (ﬂwater vwater) — 0 ) (9)
at dx dx
0 Voil 7 ( aUoil)
—on_ - S—2)=0. 10
ot ax \Moll Ty (10
In compact forms, we write equations (9) and (10) as
Uwater; T (_.uwatervwaterx)x =0, (11)
Voil, + (—Hoilvoilx)x =0. (12)
Equations (11) and (12) are in the form of conservation laws, that is, in their conservative forms:
Vwater; T f Wwater)x = 0, (13)
Voil, + f (Woi)x = 0. (14)
where f (Vyater) = —HwaterVwater, and f o) = —HoilVoil, Tespectively.
Equation (13) is solved using the finite volume method with an explicit numerical scheme:
At
Vwater:H-1 = Vwater? T Ax Fwaterﬁ% - Fwater?_% . (15)
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Here,
n n
Vwater; = Vwater (x;, t") and Fwateri+1/2 ~ f(vwater(xi+1/2' t™)
are the conserved quantity and the flux function, respectively. Here At is time step and Ax is space

step, i is notation for the space index and n is notation for the time index. To compute fluxes in
equation (15), we use the Lax-Friedrichs formulation:

n n
F no_ Fwateri - Fwateri_l _ Ax (V n_y n (16)
waterl_% 2 AL water; waterj_1/
and
n n
F no_ Fwateri+1 - Fwateri _ Ax (V n _vy n (17)
water1+% 2 AL waterj41 water; /J -

Analogously, equation (14) is solved using the finite volume method with an explicit scheme:

At
n+1 _ n n n
Voir; = Voir; — E[FoilH% - Foili_%] . (18)

To compute fluxes in equation (18), we use the Lax-Friedrichs formulation:

n n
Foili - Foili_l Ax

n _ n n
Py == = g Conl, = Vo). (19
and
Foiltl+1 - Foilr'l Ax
F°“;l+% = % - m( oilrey = Voill) - (20)

The finite volume schemes (15)-(17) and (18)-(20) are iterated with consideration of the initial and
boundary conditions given in equations (5)-(6). The iterations result in numerical solutions for the
fluid velocities. Note that another approach of finite volume method is available, for example, the
relaxation system [4-6], but it doubles the number of equations to be solved. Our finite volume method
in this paper is simpler than those relaxation approach.

4. Numerical results
In this section we present some representatives of our numerical results. The numerical results are
compared with a known analytical exact solution.
As the benchmark, we recall the analytical exact solution obtained by Caldwell and Ng [1] as
follows. First considering
Prwaer _ g, g <x <6, 1)
dx?

with

vwater(o) =0, (22)

we get
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Vwater(X) = Ax + B.
Because vy,ter(0) = 0, then B = 0. Equation (23) becomes:
vwater(x) =Ax,0<x<6.

The steady state case for oil requires

Pvou _ g 6< x <10,

dx?
with

v;1(10) = 7,
voil(6) = vwater(6) ,
) avoil _ aVwater
Hoil ox |_¢ HUwater ox g -

Then we get:

Uoil(X)=CX+D, 6<x <10.

The conditions (26) and (27) lead to

10C+D =7,
6C+ D =6A.
9V, OVwater .
Because —— = C and ——— = A, we write
0x 0x

toil (C) = Uwater(4).
Equation (30)-(32) can be solved to obtain:

_ 7Uoil
6Uoil + 4Uwater

_ 7Uwater
6Uoi1 + 4Uwater

D= 21 (ﬂoil - ﬂwater)
3Uoil + 2Uwater

Finally, the exact steady state solutions are:

7HUoil
v X)) =——X 0<x<6
water( ) 6Uoil+4lhwater ’

v . (x) =
ol 6loil T4 Uwater 3loilt2Uwater

7Uwater x 21 (Uoi1—Hwater) 6< x <10
) <X < .

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

(31

(32)

(33)

(34)

(35)

(36)

(37)
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Figure 2. Large time behaviour of velocity of two fluid layers, at time t = 100 s.

Numerical setting in this simulation is as follows. We assume that pyater = 1 cp and pg; = 3 cp.
The cell width or also known as the space step is Ax = 0.1. The time step is At = 0.001 - Ax. The
simulation is stop at the final time ¢ = 100 s. Here we want to see that change of velocity of two-fluid
layers from x = 0 to x = 10 when the steady state is achieved. Note that the x-axis is vertical, instead
of horizontal.

Our numerical results show that the numerical method solves the problem successfully. The main
source of numerical error is at the non-smooth trasition between the oil and water layers, that is, the
oil-water interface. At this interface, the fluid viscosity is discontinuous. However, we can have
smaller error if we take smaller cell width and smaller time step. A representative of our numerical
results is shown in Figure 2. The numerical results is correct physically. The velocity values get larger
from the bottom to the top surface. This phenomena is identified in both the analytical and numerical
solutions.

5. Conclusion

We have proposed a finite volume numerical method to solve the problem of two layers of fluids
driven by a horizontally moving surface with fixed bottom. The numerical method can be used to
solve both steady and unsteady state problems. Accurate solution can be obtained using a fine
numerical mesh, that is, fine cell width and fine time step. Our research results are limited to one-
dimensional problems. Future research direction could be an extension to higher dimensional
problems.
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