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Abstract

The focus of this paper is to obtain explicit solutions to initial value problems, where numerical

methods cannot provide one, and to verify the accuracy orders of the explicit solutions. One of

available methods to obtain an explicit solution is the asymptotic (formal) expansion method.

However, we must be sure with the accuracy order of the explicit solution. In this paper, an order

verification method is proposed for truncated asymptotic formal expansion solutions to initial value

problems. A least-squares fit of error data is used in the existing order verification method. The method
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that we propose does not involve any application of least-squares fit of error data, so is simpler, yet

produces accurate expected accuracy orders of solutions of explicit truncated asymptotic formal

expansions. With our proposed method, we are successful in verifying the accuracy orders of solutions

of truncated asymptotic formal expansions to the linear and nonlinear initial value problems

accurately. © 2021 THE AUTHOR
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SJR

The SJR is a size-independent prestige indicator that
ranks journals by their 'average prestige per article'. It is
based on the idea that 'all citations are not created
equal'. SJR is a measure of scientific influence of
journals that accounts for both the number of citations
received by a journal and the importance or prestige of
the journals where such citations come from
It
measures the scientific influence of the average article
in a journal it expresses how central to the global

Total Documents

Evolution of the number of published documents. All
types of documents are considered, including citable
and non citable documents.

Year Documents
2000 33
2001 91
2002 99
2003 75

Citations per document

This indicator counts the number of citations received by
documents from a journal and divides them by the total
number of documents published in that journal. The
chart shows the evolution of the average number of
times documents published in a journal in the past two,
three and four years have been cited in the current year.
The two years line is equivalent to journal impact factor
™ (Thomson Reuters) metric.

Cites per document Year Value
Cites / Doc. (4 years) 2000 0.000
Cites / Doc. (4 years) 2001 0.000
Cites / Doc. (4 years) 2002 0.008
Cites / Doc. (4 years) 2003 0.009
Cites / Doc. (4 years) 2004 0.030
Cites / Doc. (4 years) 2005 0.023
Cites / Doc. (4 years) 2006 0.017
Cites / Doc. (4 years) 2007 0.022

Total Cites  Self-Cites

Evolution of the total number of citations and journal's
self-citations received by a journal's published
documents during the three previous years.
Journal Self-citation is defined as the number of citation
from a journal citing article to articles published by the
same journal.

Cites Year Value
S lf Cit 2000 0

External Cites per Doc  Cites per Doc

Evolution of the number of total citation per document
and external citation per document (i.e. journal self-
citations removed) received by a journal's published
documents during the three previous years.
External
citations are calculated by subtracting the number of
self-citations from the total number of citations received
by the journal’s documents.
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Metrics based on Scopus® data as of April 2021

Ibrahim 4 weeks ago

Cites per document Year Value
Cites / Doc (4 years) 2008 0 031Cites Year Value

% International Collaboration

International Collaboration accounts for the articles that
have been produced by researchers from several
countries. The chart shows the ratio of a journal's
documents signed by researchers from more than one
country; that is including more than one country address.

Year International Collaboration
2000 0.00
2001 0 00

Citable documents  Non-citable documents

Not every article in a journal is considered primary
research and therefore "citable", this chart shows the
ratio of a journal's articles including substantial research
(research articles, conference papers and reviews) in
three year windows vs. those documents other than
research articles, reviews and conference papers.

Documents Year Value
N it bl d t 2000 0

Cited documents  Uncited documents

Ratio of a journal's items, grouped in three years
windows, that have been cited at least once vs. those
not cited during the following year.

Documents Year Value
Uncited documents 2000 0
Uncited documents 2001 33
Uncited documents 2002 123
Uncited documents 2003 221
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Abstract The focus of this paper is to obtain explicit solutions to initial value problems, where

numerical methods cannot provide one, and to verify the accuracy orders of the explicit solutions.

One of available methods to obtain an explicit solution is the asymptotic (formal) expansion

method. However, we must be sure with the accuracy order of the explicit solution. In this paper,

an order verification method is proposed for truncated asymptotic formal expansion solutions to

initial value problems. A least-squares fit of error data is used in the existing order verification

method. The method that we propose does not involve any application of least-squares fit of error

data, so is simpler, yet produces accurate expected accuracy orders of solutions of explicit truncated

asymptotic formal expansions. With our proposed method, we are successful in verifying the accu-

racy orders of solutions of truncated asymptotic formal expansions to the linear and nonlinear ini-

tial value problems accurately.
� 2021 THE AUTHOR. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Initial value problems of differential equations occur in vari-

ous fields [1,2]. Arqub et al. [3–7] have studied a number of
problems relating to differential equations using kernel algo-
rithms and fractional operators. Baleanu and Jajarmi with

their coauthors [8–11] reported their approaches to solving
harmonic oscillator and boundary value problems also relating
to differential equations. Based on the wide range of applica-

tions of initial value problems of differential equations, accu-
rate solutions to initial value problems are always desired.
Generally, exact solutions to initial value problems are difficult

to find. Therefore, approximate solutions are sought using
either numerical or analytical method.

Numerical method provides approximate solutions in a dis-
crete space. It can produce accurate solutions, but cannot

express the solutions into explicit functions. When we need
an explicit function as a solution, a numerical method (such
as, a Runge–Kutta method) for solving the problem is not

the option to use.
Approximate solutions in the forms of explicit functions

can be obtained using analytical approaches in the continuous

space, such as the perturbation method, which is also known
as the asymptotic expansion method. This method has been

http://crossmark.crossref.org/dialog/?doi=10.1016/j.aej.2021.04.068&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
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used for modelling as well as solving real problems. A number
of applications of the asymptotic expansion method can be
found in the literature, for example, those for fluid dynamics

[12–17], chemistry-related problems [18], material problems
[19,20], financial-economics models [21], and other problems
[22].

Applying the asymptotic (formal) expansion method, we
should be mindful of the accuracy orders of the truncated
asymptotic expansion solutions. Abdel-Halim Hassan [23]

solved linear and nonlinear initial value problems using
asymptotic expansion method. They [23] also presented a
method to check the accuracy orders of solutions obtained
from truncated asymptotic (formal) expansions. The verifica-

tion method of Abdel-Halim Hassan [23] was based on the
work of Bosley [24] as well as Deeba and Xie [25].

Unfortunately, Abdel-Halim Hassan [23] failed to obtain

the expected correct results of the truncated asymptotic expan-
sion solutions. They [23] could not verify the correctness of
their solutions of truncated asymptotic expansions to the linear

initial value problem. In addition, their verification of the
accuracy orders of solutions to the nonlinear initial value
problem obtained using truncated asymptotic expansions was

not simple, because their verification method used a least-
squares fit of error data. Therefore, in this work, we reconsider
the linear and nonlinear initial value problems solved by
Abdel-Halim Hassan [23].

Our contributions are three folds. First, we provide the cor-
rect truncated asymptotic formal expansion solutions to both
the linear and nonlinear initial value problems of Abdel-

Halim Hassan [23]. Second, we propose a simple but accurate
method to verify the orders of the truncated asymptotic formal
expansion solutions. Third, using our proposed method, we

are successful in verifying that the truncated asymptotic formal
expansion solutions have the expected orders of accuracy.

The rest of this paper follows. We express the problem

description in Section 2. The existing order verification method
and our proposed one are provided in Section 3. Numerical
results are reported and discussed in Section 4. Finally, Sec-
tion 5 concludes the paper.

2. Problem description

In this section, we describe the problems that we consider and

the research question that we want to answer. We consider two
problems of Abdel-Halim Hassan [23]. The first is the linear
initial value problem (LIVP)

v00 þ ð1� etÞv ¼ 0 ð1Þ
with initial conditions

vð0Þ ¼ 1; v0ð0Þ ¼ 0: ð2Þ
The second is the nonlinear initial value problem (NLIVP)

v00 þ vþ ev3 ¼ 0 ð3Þ
with initial conditions

vð0Þ ¼ 1; v0ð0Þ ¼ 0: ð4Þ
Here, t is the free variable and it usually denotes time; v is the
dependent variable and it is dependent on t; and e is a positive
parameter.
We assume that solutions to the LIVP (1)–(2) and NLIVP
(3)–(4) can be expressed in the power series in e [2]

vðtÞ ¼
X1
n¼0

envnðtÞ ¼ v0ðtÞ þ ev1ðtÞ þ e2v2ðtÞ þ e3v3ðtÞ þ � � � : ð5Þ

This can be written as

vðtÞ ¼ wNðtÞ þOðeNþ1Þ; ð6Þ
where

wNðtÞ ¼
XN
n¼0

envnðtÞ

¼ v0ðtÞ þ ev1ðtÞ þ e2v2ðtÞ þ e3v3ðtÞ þ � � � þ eNvNðtÞ; ð7Þ
and N ¼ 0; 1; 2; . . .. Eq. (5) is the general form of asymptotic

expansion solutions. The method to obtain an explicit form
for Eq. (5) is called the asymptotic expansion method, also
known as the asymptotic formal expansion method, or pertur-
bation method. Eq. (7) is the truncated expansion solution

involving the first Nþ 1 terms. As written in Eq. (6), the order

of the error of the truncated expansion solution (7) is OðeNþ1Þ.
In other words, wNðtÞ has the ðNþ 1Þth order of accuracy, as
per our assumption. However, we want to know how to verify
that wNðtÞ has, indeed, the ðNþ 1Þth order of accuracy.

Therefore, our research question is how to verify the orders
of accuracy of solutions wNðtÞ of the LIVP (1)–(2) and NLIVP
(3)–(4) obtained using truncated asymptotic formal expansions.

We answer this research question by proposing a new method
to verify that wNðtÞ has, indeed, the ðNþ 1Þth order of accuracy.

We note several remarks as follows. The formulations of
the LIVP (1)–(2) and NLIVP (3)–(4) may take different forms,

and do not need to be unique in the sense of the forms exactly
the same as Eqs. (1), (2), (3), (4), respectively. The formulation
of the LIVP (1)–(2) and NLIVP (3)–(4) are stable under certain

conditions. Based on the theory of stability by linearisation
about the equilibrium point, the LIVP (1)–(2) is stable if
et < 1, whereas the NLIVP (3)–(4) is stable if e is sufficiently

small (e� 1). Readers interested in the stability theory of
the LIVP (1)–(2) and NLIVP (3)–(4) are referred to the work
of Coddington and Levinson [26], Haberman [27], as well as

Verhulst [2]. In this paper we have used the Landau big ‘‘O”

symbol for order of accuracy. This notation is understood as
follows. Suppose that we have two functions gðeÞ and hðeÞ.
Then, we have the following definition: gðeÞ ¼ OðhðeÞÞ as

e! 0, if there exists a constant c such that gðeÞ 6 chðeÞ as
e! 0. We refer to the book of Verhulst [2] for this definition.

It is also worthwhile to note some properties of the asymptotic

expansion method (perturbation method) for e 2 ð0; e0� with a
positive e0 as follows. First, the order functions en for all n are con-
tinuous, positive, and monotonically decreasing as e! 0. Second,

the convergence of the method has been guaranteed on the
domain scale 1 by Theorem 9.1 and Theorem 9.2 of Verhulst [2].

In the next section, we recall an existing order verification
method and propose a new order verification method for trun-

cated expansion solutions wNðtÞ of the LIVP (1)–(2) and
NLIVP (3)–(4).

3. Order verification methods

We provide two order verification methods. The first is the
existing method and the second is our proposed method, where
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the LIVP (1)–(2) and NLIVP (3)–(4) are our test case
problems.

3.1. Existing method

In the existing order verification method, a technique about
least-squares is used. This method was used by Abdel-Halim
Hassan [23], Bosley [24], as well as Deeba and Xie [25]. We

consider a fixed value of t, say t ¼ s > 0, and a fixed value
of N, where N ¼ 0; 1; 2; . . .. The steps of the existing order ver-
ification method are as follows:

1. First, the problem is solved using an available ordinary dif-
ferential equation solver to get a reference solution vðsÞ; the
reference solution vðsÞ is either the exact solution or a very

accurate approximate one at s.
2. Second, the problem is solved using the asymptotic expan-

sion method up to the term eNvN ðsÞ; the asymptotic expan-

sion solution is wN ðsÞ.
3. Third, absolute errors EN ðs; eÞ of wN ðsÞ are calculated for a

number of different values of e, where 0 < e < 1.

4. Fourth, in the log–log scale we seek the function of the
least-squares fit of absolute errors EN ðs; eÞ with respect to
the values of e.

5. Fifth, the gradient of the curve of the least-squares fit func-
tion found in the fourth step is considered as the order of
accuracy of wN at t ¼ s.

3.2. Proposed method

Here, we write the background of our proposed order verifica-
tion method. This follows from the work of Mungkasi [28] for

the van der Pol equation problem. We extend the work of
Mungkasi [28] to the problems in this paper. Let us consider
Eq. (6). The absolute error ENðt; eÞ is
ENðt; eÞ ¼ vðtÞ � wNðtÞj j ¼ OðeNþ1Þ ¼ KeNþ1 ð8Þ
for a positive constant K. Now we consider two different val-
ues of e, say e1 and e2, so the absolute errors are ENðt; e1Þ and
ENðt; e2Þ, respectively. Therefore, we have

ENðt; e1Þ ¼ KeNþ11 ð9Þ
and

ENðt; e2Þ ¼ KeNþ12 : ð10Þ
Taking the ratio between (9) and (10), we obtain

ENðt; e1Þ
ENðt; e2Þ ¼

eNþ11

eNþ12

: ð11Þ

Taking the logarithms of both sides and do some simplifica-
tions, we obtain

Nþ 1 ¼
log ENðt;e1Þ

ENðt;e2Þ

� �

log e1
e2

� � ; ð12Þ

which is the order of accuracy of wNðtÞ. We should note that
some analytical results confirm that this order of accuracy is
guaranteed to be valid in the domain scale 1 (see the work of
Verhulst [2], for example).
For our proposed method, we consider a fixed value of t,
which we recommend 0 < t 6 1. We denote s the fixed value
of t of interest. We also fix the value of N, where

N ¼ 0; 1; 2; . . .. Our proposal for order verification method
takes the steps as follows. The first, second, and third steps
are the same as those in the existing method, but with a note

that we recommend to take 0 < t ¼ s 6 1. Then, in the fourth
step, we do not need to use any least-squares technique to ver-
ify the order of accuracy of wN. Instead, the fourth step is

implementing the formula (12) for various values of e consid-
ered in the third step. This implementation is simpler to do
and cheaper in terms of computation. Then, our fifth step is
to check the values obtained in the fourth step if they equal

or are close to Nþ 1. If as e tends to 0, the values obtained
in the fourth step approach to Nþ 1, then we conclude that
the order of accuracy of wN is indeed Nþ 1. A pseudocode

of the proposed method (Proposed_Method) is written in
Algorithm 1.

Algorithm 1. Proposed order verification method

procedure Proposed_Method e1; e2; s;Nð Þ .Inputs are given

for k 1 : 2 .Loops through each e
e ek .Epsilon value is fixed e ¼ ekð Þ
v(s) Reference solution with fixed e at s
wkðsÞ  Asymptotic expansion value with fixed e at s
EkðsÞ  jvðsÞ � wkðsÞj .Absolute error is calculated

end for

Order logðE1=E2Þ= logðe1=e2Þ .Order is calculated

return Order .Order is returned

end procedure
4. Results and discussion

In this section we solve the LIVP (1)–(2) and the NLIVP (3)–
(4) using the asymptotic expansion method. Then, we confirm
the order of accuracy of the asymptotic expansion solutions

using our proposed order verification method. All simulations
are carried out using the MATLAB software.

4.1. Results and discussion for the linear initial value problem

In this subsection we provide the correct derivations of
asymptotic expansion solutions to the LIVP (1)–(2), where

the previous work of Abdel-Halim Hassan [23] contained
some obvious mistakes. Substituting the e series solution (5)
in Eqs. (1) and (2), we obtain infinitely many initial value
problems

v000 þ v0 ¼ 0; v0ð0Þ ¼ 1; v00ð0Þ ¼ 0; ð13Þ

v001 þ v1 ¼ tv0; v1ð0Þ ¼ 0; v01ð0Þ ¼ 0; ð14Þ

v002 þ v2 ¼ tv1; v2ð0Þ ¼ 0; v02ð0Þ ¼ 0; ð15Þ

v003 þ v3 ¼ tv2; v3ð0Þ ¼ 0; v03ð0Þ ¼ 0; ð16Þ

v004 þ v4 ¼ tv3; v4ð0Þ ¼ 0; v04ð0Þ ¼ 0; ð17Þ

v005 þ v5 ¼ tv4; v5ð0Þ ¼ 0; v05ð0Þ ¼ 0; ð18Þ
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v00i þ vi ¼ tvi�1; við0Þ ¼ 0; v0ið0Þ ¼ 0; ð19Þ
where i ¼ 6; 7; 8; . . .. Suppose that we want to have asymptotic

expansion solutions (5) up to the e5v5 term. In this case, we

have to consider the first six initial value problems (13)–(18).
Solving these problems (13)–(18) consecutively, we obtain

v0ðtÞ ¼ cosðtÞ; ð20Þ

v1ðtÞ ¼ � 1

4
sinðtÞ þ 1

4
t cosðtÞ þ 1

4
t2 sinðtÞ; ð21Þ

v2ðtÞ ¼ 7

32
t2 cosðtÞ � 1

32
t4 cosðtÞ � 7

32
t sinðtÞ þ 5

48
t3

� sinðtÞ; ð22Þ

v3ðtÞ ¼ 35
128

sinðtÞ þ 35
192

t3 cosðtÞ þ 7
96
t4 sinðtÞ � 35

128
t cosðtÞ

� 35
128

t2 sinðtÞ � 7
384

t5 cosðtÞ � 1
384

t6 sinðtÞ; ð23Þ

v4ðtÞ ¼ 1085
6144

t4 cosðtÞ � 1365
2048

t2 cosðtÞ � 119
9216

t6 cosðtÞ
þ 1

6144
t8 cosðtÞ þ 1365

2048
t sinðtÞ þ 175

3072
t5 sinðtÞ

� 1225
3072

t3 sinðtÞ � 1
512

t7 sinðtÞ;
ð24Þ

v5ðtÞ ¼ � 15015
8192

sinðtÞ � 109
73728

t8 sinðtÞ þ 3661
73728

t6 sinðtÞ
þ 1

122880
t10 sinðtÞ � 2275

4096
t4 sinðtÞ þ 15015

8192
t2 sinðtÞ

þ 15015
8192

t cosðtÞ þ 11
73728

t9 cosðtÞ � 5005
4096

t3 cosðtÞ
þ 1547

8192
t5 cosðtÞ � 23

2304
t7 cosðtÞ:

ð25Þ

We define wNðtÞ as

wNðtÞ ¼
XN
n¼0

envnðtÞ; ð26Þ

an approximation of the exact solution vðtÞ to the LIVP (1)–
(2). This wNðtÞ is a truncated asymptotic expansion solution,

where its error is of the order OðeNþ1Þ, as per our assumption.
The first six asymptotic expansion solutions to the LIVP (1)–
(2) are

w0ðtÞ ¼ v0ðtÞ; ð27Þ

w1ðtÞ ¼ v0ðtÞ þ ev1ðtÞ; ð28Þ

w2ðtÞ ¼ v0ðtÞ þ ev1ðtÞ þ e2v2ðtÞ; ð29Þ

w3ðtÞ ¼ v0ðtÞ þ ev1ðtÞ þ e2v2ðtÞ þ e3v3ðtÞ; ð30Þ

w4ðtÞ ¼ v0ðtÞ þ ev1ðtÞ þ e2v2ðtÞ þ e3v3ðtÞ þ e4v4ðtÞ; ð31Þ

w5ðtÞ ¼ v0ðtÞ þ ev1ðtÞ þ e2v2ðtÞ þ e3v3ðtÞ þ e4v4ðtÞ
þ e5v5ðtÞ; ð32Þ

where v0ðtÞ; v1ðtÞ; v2ðtÞ; v3ðtÞ; v4ðtÞ; v5ðtÞ are given by Eqs. (20)–
(25), respectively.

Our goal in this subsection is to verify that the accuracy
orders of

w0ðtÞ;w1ðtÞ;w2ðtÞ;w3ðtÞ;w4ðtÞ;w5ðtÞ ð33Þ
are indeed 1; 2; 3; 4; 5; 6, respectively. In other words, their

errors are of the orders

OðeÞ;Oðe2Þ;Oðe3Þ;Oðe4Þ;Oðe5Þ;Oðe6Þ ð34Þ

respectively.

Using the same values of e and t ¼ 5 as those used by
Abdel-Halim Hassan [23], we apply our proposed order verifi-
cation method for functions (33). We want to verify that these
solutions have, indeed, the first, second, third, fourth, fifth,

and sixth orders of accuracy, respectively. The reference solu-
tion is obtained using the ode45 algorithm of the MATLAB
software, where the relative error tolerance is taken the mini-

mum possible, that is the relative error tolerance is

2:22045� 10�14 and the absolute error tolerance is set to be

10�15.
To know the behaviour of the asymptotic expansion solu-

tions of the LIVP (1)–(2), we plot them together with the ref-
erence solution on the interval 0 6 t 6 10. Fig. 1 shows the
reference solution vðtÞ and the asymptotic expansion solutions
w0ðtÞ;w1ðtÞ;w2ðtÞ. Fig. 2 shows the reference solution vðtÞ and
the asymptotic expansion solutions w3ðtÞ;w4ðtÞ;w5ðtÞ. We
observe that as N increases, the asymptotic expansion solution
wNðtÞ gets closer to the reference solution vðtÞ in a larger

domain.
Our numerical results are recorded in Tables 1–3. Table 1

records the absolute errors and accuracy orders of w0ð5Þ and
w1ð5Þ; we observe in Table 1 that as e tends to 0, the orders
of accuracy of w0ð5Þ and w1ð5Þ converge to 1 and 2, respec-
tively. Table 2 provides the absolute errors and accuracy

orders of w2ð5Þ and w3ð5Þ; we observe in Table 2 that as e tends
to 0, the orders of accuracy of w2ð5Þ and w3ð5Þ converge to 3
and 4, respectively. Table 3 presents the absolute errors and
accuracy orders of w4ð5Þ and w5ð5Þ; we observe in Table 3 that

as e tends to 0, the orders of accuracy of w4ð5Þ and w5ð5Þ con-
verge to 5 and 6, respectively. These results indicate that we
have been successful in verifying that

w0ð5Þ;w1ð5Þ;w2ð5Þ;w3ð5Þ;w4ð5Þ;w5ð5Þ have, indeed, the first,
second, third, fourth, fifth, and sixth orders of accuracy,
respectively.

We note that for w5ð5Þ, when e ¼ 0:015, the error is

8:86938� 10�11; when e ¼ 0:005, the error is 1:15407� 10�13.
The order of accuracy losses slightly from 6:007 to 6:048 when
there is a change from e ¼ 0:015 to e ¼ 0:005. This is because
the reference solution that we use is not the exact solution.
In order to maintain the convergent behaviour of the order
of accuracy with recpect to e, we need a more accurate refer-

ence solution. However, the errors of w5ð5Þ when e ¼ 0:005
is very close to the error tolerances that we set. Using the
ode45 algorithm in the MATLAB software, we cannot take

smaller relative error tolerance than 2:22045� 10�14. This

makes that our reference solution cannot be more accurate
than we have reported here. If the reference solution were
the exact solution, we would be confident that the order of

accuracy would be better when there was a change from
e ¼ 0:015 to e ¼ 0:005.

Remark 1. We can compare our results in this subsection
with those of Abdel-Halim Hassan [23] regarding the asymp-

totic solution and the order verification for the LIVP (1)–(2).
Abdel-Halim Hassan [23] failed in verifying the accuracy
orders of w1;w2;w3;w4;w5, and they did not consider verifying



Fig. 1 Reference solution vðtÞ and asymptotic expansion solutions w0ðtÞ;w1ðtÞ;w2ðtÞ to the LIVP (1)–(2). Here w0ðtÞ;w1ðtÞ;w2ðtÞ have
the first, second, and third orders of accuracy, respectively.

Fig. 2 Reference solution vðtÞ and asymptotic expansion solutions w3ðtÞ;w4ðtÞ;w5ðtÞ to the LIVP (1)–(2). Here w3ðtÞ;w4ðtÞ;w5ðtÞ have
the fourth, fifth, and sixth orders of accuracy, respectively.

Table 1 Verification of orders of accuracy for w0 and w1 of the LIVP. Error are calculated at t ¼ 5.

e E0ð5; eÞ Order of E0ð5; eÞ E1ð5; eÞ Order of E1ð5; eÞ
0.145 1.128785583 – 0.345935236 –

0.135 1.027719119 1.313 0.298858451 2.047

0.125 0.930188350 1.296 0.255317360 2.046

0.115 0.836180965 1.278 0.215299655 2.045

0.105 0.745680487 1.259 0.178788856 2.043

0.095 0.658666492 1.240 0.145764540 2.040

0.085 0.575114836 1.220 0.116202563 2.038

0.075 0.494997864 1.199 0.090075270 2.035

0.065 0.418284614 1.177 0.067351699 2.032

0.055 0.344941018 1.154 0.047997783 2.028

0.045 0.274930094 1.130 0.031976537 2.024

0.035 0.208212125 1.106 0.019248248 2.020

0.025 0.144744845 1.081 0.009770648 2.015

0.015 0.084483607 1.054 0.003499088 2.010

0.005 0.027381548 1.026 3.86708e�04 2.005
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the order of accuracy of w0. The source of failure was the
incorrect Eqs. (3.4)-(3.8) in their paper. In Table 2 of the paper

of Abdel-Halim Hassan [23], the gradients of the least-squares
curves of the error data are about 1, which means that
w1;w2;w3;w4;w5 are all of the first order of accuracy. Obvi-
ously, the results of Abdel-Halim Hassan [23] are incorrect

for the LIVP (1)–(2), whereas in this subsection we have pro-
vided the correct ones.



Table 2 Verification of orders of accuracy for w2 and w3 of the LIVP. Errors are calculated at t ¼ 5.

e E2ð5; eÞ Order of E2ð5; eÞ E3ð5; eÞ Order of E3ð5; eÞ
0.145 0.021600028 – 0.004229785 –

0.135 0.017716517 2.774 0.003129283 4.217

0.125 0.014283466 2.799 0.002264601 4.202

0.115 0.011288567 2.822 0.001597214 4.187

0.105 0.008715340 2.844 0.001092766 4.172

0.095 0.006543363 2.864 7.20841e�04 4.157

0.085 0.004748491 2.883 4.54751e�04 4.142

0.075 0.003303068 2.900 2.71314e�04 4.126

0.065 0.002176134 2.916 1.50656e�04 4.111

0.055 0.001333621 2.931 7.60091e�05 4.095

0.045 7.38545e�04 2.945 3.35214e�05 4.080

0.035 3.51191e�04 2.958 1.20719e�05 4.064

0.025 1.29292e�04 2.970 3.09224e�06 4.048

0.015 2.82007e�05 2.981 3.94330e�07 4.032

0.005 1.05428e�06 2.991 4.78994e�09 4.015

Table 3 Verification of orders of accuracy for w4 and w5 of the LIVP. Errors are calculated at t ¼ 5.

e E4ð5; eÞ Order of E4ð5; eÞ E5ð5; eÞ Order of E5ð5; eÞ
0.145 8.69381e�04 – 7.61207e�05 –

0.135 6.04322e�04 5.089 4.93845e�05 6.055

0.125 4.08680e�04 5.083 3.09987e�05 6.051

0.115 2.67645e�04 5.076 1.87227e�05 6.047

0.105 1.68755e�04 5.070 1.08048e�05 6.043

0.095 1.01665e�04 5.063 5.90377e�06 6.039

0.085 5.79296e�05 5.057 3.01722e�06 6.035

0.075 3.07868e�05 5.051 1.41831e�06 6.031

0.065 1.49582e�05 5.044 5.98681e�07 6.027

0.055 6.44746e�06 5.038 2.18879e�07 6.023

0.045 2.34910e�06 5.031 6.54065e�08 6.019

0.035 6.64427e�07 5.025 1.44236e�08 6.015

0.025 1.22766e�07 5.019 1.90821e�09 6.011

0.015 9.48662e�09 5.012 8.86938e�11 6.007

0.005 3.87900e�11 5.006 1.15407e�13 6.048
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4.2. Results and discussion for the nonlinear initial value problem

In this subsection, we consider the NLIVP (3)–(4). Substitu-
tion the e series solution (5) in Eqs. (3) and (4) leads to infi-
nitely many problems (initial value problems), which the first

six of the problems are

v000 þ v0 ¼ 0; v0ð0Þ ¼ 1; v00ð0Þ ¼ 0; ð35Þ

v001 þ v1 ¼ �v30; v1ð0Þ ¼ 0; v01ð0Þ ¼ 0; ð36Þ

v002 þ v2 ¼ �3v20v1; v2ð0Þ ¼ 0; v02ð0Þ ¼ 0; ð37Þ

v003 þ v3 ¼ �3v0v21 � 3v20v2; v3ð0Þ ¼ 0; v03ð0Þ ¼ 0; ð38Þ

v004 þ v4 ¼�6v0v1v2� 3v20v3� v31; v4ð0Þ ¼ 0; v04ð0Þ ¼ 0; ð39Þ

v005 þ v5 ¼ �6v0v1v3 � 3v21v2 � 3v20v4 � 3v0v
2
2; v5ð0Þ ¼ 0; v05ð0Þ ¼ 0:

ð40Þ
Problems expressed by Eqs. (35)–(40) have exact solutions

and they are respectively given by
v0ðtÞ ¼ cosðtÞ; ð41Þ

v1ðtÞ ¼ � 1

8
cosðtÞ þ 1

8
cos ðtÞ3 � 3

8
t sinðtÞ; ð42Þ

v2ðtÞ ¼ 25
256

cosðtÞ � 9
64
t cos ðtÞ2 sinðtÞ þ 33

256
t sinðtÞ

� 9
128

t2 cosðtÞ þ 1
64
cos ðtÞ5 � 29

256
cos ðtÞ3; ð43Þ

v3ðtÞ ¼ � 161
2048

cosðtÞþ 1
512

cos ðtÞ7� 55
2048

cosðtÞ5
� 15

512
t sinðtÞcosðtÞ4þ 53

512
cos ðtÞ3� 81

1024
t2 cos ðtÞ3

þ 81
512

tcos ðtÞ2 sinðtÞþ 189
2048

t2 cosðtÞ� 177
2048

t sinðtÞ
þ 9

1024
t3 sinðtÞ;

ð44Þ

v4ðtÞ ¼ 17033
262144

cosðtÞþ 1
4096

cos ðtÞ9� 81
16384

cosðtÞ7
� 21

4096
t sinðtÞcos ðtÞ6þ 2297

65536
cos ðtÞ5� 225

8192
t2 cos ðtÞ5

þ 465
8192

t sinðtÞcos ðtÞ4þ 4203
32768

t2 cos ðtÞ3� 24989
262144

cos ðtÞ3
� 10431

65536
tcos ðtÞ2 sinðtÞþ 243

8192
t3 sinðtÞcos ðtÞ2

þ 27
32768

t4 cosðtÞ
� 13077

131072
t2 cosðtÞ� 441

32768
t3 sinðtÞþ 17673

262144
t sinðtÞ;

ð45Þ
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v5ðtÞ¼ 213165
2097152

t2 cosðtÞ� 115217
2097152

cosðtÞ� 459
65536

t4 cosðtÞ
þ 16695

1048576
t3 sinðtÞ� 81

1310720
t5 sinðtÞþ 46347

524288
cosðtÞ3

� 86211
2097152

cosðtÞ5þ 2211
262144

cosðtÞ7� 107
131072

cosðtÞ9
þ 1

32768
cosðtÞ11� 172719

1048576
t2 cosðtÞ3þ 17037

262144
t2 cosðtÞ5

þ 2187
262144

t4 cosðtÞ3� 441
65536

t2 cosðtÞ7� 117009
2097152

tsinðtÞ
� 7155

131072
t3 cosðtÞ2 sinðtÞþ 1125

65536
t3 cosðtÞ4 sinðtÞ

þ 20385
131072

tcosðtÞ2 sinðtÞ� 20925
262144

tcosðtÞ4 sinðtÞ
þ 231

16384
tcosðtÞ6 sinðtÞ� 27

32768
tcosðtÞ8 sinðtÞ:

ð46Þ

Based on v0ðtÞ; v1ðtÞ; v2ðtÞ; v3ðtÞ; v4ðtÞ; v5ðtÞ given by Eqs. (41)–
(46), we obtain truncated asymptotic expansion solutions
wNðtÞ of the form (26). In this subsection, we shall verify that

the asymptotic expansion solutions w0ðtÞ;w1ðtÞ;w2ðtÞ;
w3ðtÞ;w4ðtÞ;w5ðtÞ to the NLIVP (3)–(4) are, indeed, of the first,
second, third, fourth, fifth, and sixth orders of accuracy,
respectively.

As a note, we plot the asymptotic expansion solutions of
the NLIVP (3)–(4) together with the reference solution on
the interval 0 6 t 6 10. Fig. 3 shows the reference solution

vðtÞ and the asymptotic expansion solutions w0ðtÞ;w1ðtÞ;
w2ðtÞ. We observe that as N increases, the asymptotic expan-
sion solution wNðtÞ gets closer to the reference solution vðtÞ
Fig. 3 Reference solution vðtÞ and asymptotic expansion solutions w0

the first, second, and third orders of accuracy, respectively.

Fig. 4 Reference solution vðtÞ and asymptotic expansion solutions w3

the fourth, fifth, and sixth orders of accuracy, respectively. All of thes
in a larger domain. Fig. 4 shows the reference solution vðtÞ
and the asymptotic expansion solutions w3ðtÞ;w4ðtÞ;w5ðtÞ.
We observe that vðtÞ and w3ðtÞ;w4ðtÞ;w5ðtÞ almost coincide,

which indicates that w3ðtÞ;w4ðtÞ;w5ðtÞ are quite accurate in
the considered domain.

Abdel-Halim Hassan [23] took t ¼ 3 for verifying the

orders of accuracy of solutions to the NLIVP (3)–(4) obtained
using truncated asymptotic expansions, so we also take this
value t ¼ 3 into our proposed order verification method.

Errors and observed orders of accuracy of solutions
w0ð3Þ;w1ð3Þ;w2ð3Þ;w3ð3Þ;w4ð3Þ;w5ð3Þ to the NLIVP (3)–(4)
are recorded in Tables 4–6. Table 4 records the absolute errors
and accuracy orders of w0ð3Þ and w1ð3Þ; we infer from Table 4

that as e tends to 0, the orders of accuracy of w0ð3Þ and w1ð3Þ
converge to 1 and 2, respectively. Table 5 provides the absolute
errors and accuracy orders of w2ð3Þ and w3ð3Þ; we infer from

Table 5 that as e tends to 0, the orders of accuracy of w2ð3Þ
and w3ð3Þ converge to 3 and 4, respectively. Table 6 presents
the absolute errors and accuracy orders of w4ð3Þ and w5ð3Þ;
we infer from Table 6 that as e tends to 0, the orders of accu-
racy of w4ð3Þ and w5ð3Þ converge to 5 and 6, respectively. As
additional notes, we observe that the behaviour of the order

of accuracy of w0ðtÞ at t ¼ 3 is oscillating with respect to the
considered values of e; but as e tends to 0, its order of accuracy
ðtÞ;w1ðtÞ;w2ðtÞ to the NLIVP (3)–(4). Here w0ðtÞ;w1ðtÞ;w2ðtÞ have

ðtÞ;w4ðtÞ;w5ðtÞ to the NLIVP (3)–(4). Here w3ðtÞ;w4ðtÞ;w5ðtÞ have
e curves are very close each other and they almost coincide.



Table 4 Verification of orders of accuracy for w0 and w1 of the NLIVP. Errors are calculated at t ¼ 3.

e E0ð3; eÞ Order of E0ð3; eÞ E1ð3; eÞ Order of E1ð3; eÞ
0.207 0.006523211 – 0.025829969 –

0.195 0.007510366 �2.360 0.022967268 1.967

0.183 0.008335357 �1.641 0.020266730 1.970

0.171 0.008996899 �1.126 0.017729642 1.972

0.159 0.009493741 �0.739 0.015357252 1.974

0.147 0.009824676 �0.437 0.013150771 1.977

0.135 0.009988531 �0.194 0.011111369 1.979

0.123 0.009984172 0.005 0.009240181 1.981

0.111 0.009810501 0.171 0.007538306 1.983

0.099 0.009466455 0.312 0.006006805 1.985

0.087 0.008951004 0.433 0.004646709 1.987

0.075 0.008263151 0.539 0.003459016 1.989

0.063 0.007401929 0.631 0.002444690 1.991

0.051 0.006366400 0.713 0.001604672 1.992

0.039 0.005155652 0.786 9.39874e�04 1.994

Table 5 Verification of orders of accuracy for w2 and w3 of the NLIVP. Errors are calculated at t ¼ 3.

e E2ð3; eÞ Order of E2ð3; eÞ E3ð3; eÞ Order of E3ð3; eÞ
0.207 7.82711e�04 – 7.52010e�05 –

0.195 6.49320e�04 3.129 5.78597e�05 4.390

0.183 5.32637e�04 3.119 4.37874e�05 4.388

0.171 4.31374e�04 3.109 3.25241e�05 4.384

0.159 3.44285e�04 3.099 2.36484e�05 4.380

0.147 2.70158e�04 3.090 1.67778e�05 4.374

0.135 2.07823e�04 3.080 1.15677e�05 4.366

0.123 1.56146e�04 3.071 7.71092e�06 4.357

0.111 1.14027e�04 3.062 4.93614e�06 4.345

0.099 8.04050e�05 3.054 3.00737e�06 4.331

0.087 5.42489e�05 3.045 1.72228e�06 4.314

0.075 3.45622e�05 3.037 9.10652e�07 4.294

0.063 2.03780e�05 3.030 4.32605e�07 4.269

0.051 1.07577e�05 3.023 1.76600e�07 4.240

0.039 4.78884e�06 3.017 5.71591e�08 4.205

Table 6 Verification of orders of accuracy for w4 and w5 of the NLIVP. Errors are calculated at t ¼ 3.

e E4ð3; eÞ Order of E4ð3; eÞ E5ð3; eÞ Order of E5ð3; eÞ
0.207 3.86871e�05 – 1.04361e�05 –

0.195 2.91045e�05 4.766 7.33794e�06 5.898

0.183 2.14835e�05 4.780 5.04360e�06 5.903

0.171 1.55197e�05 4.795 3.37829e�06 5.909

0.159 1.09378e�05 4.809 2.19690e�06 5.914

0.147 7.49143e�06 4.823 1.38057e�06 5.920

0.135 4.96217e�06 4.837 8.33505e�07 5.926

0.123 3.15896e�06 4.851 4.79853e�07 5.931

0.111 1.91709e�06 4.865 2.60862e�07 5.937

0.099 1.09700e�06 4.879 1.32162e�07 5.943

0.087 5.82944e�07 4.893 6.12713e�08 5.949

0.075 2.81404e�07 4.907 2.53153e�08 5.955

0.063 1.19321e�07 4.921 8.95283e�09 5.962

0.051 4.20583e�08 4.935 2.53670e�09 5.968

0.039 1.11508e�08 4.949 5.10739e�10 5.975
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Table 7 Verification of orders of accuracy for w0;w1;w2;w3;w4;w5 of the NLIVP at t ¼ 1.

Value of Order of Order of Order of Order of Order of Order of

e E0ð1; eÞ E1ð1; eÞ E2ð1; eÞ E3ð1; eÞ E4ð1; eÞ E5ð1; eÞ
0.207 – – – – – –

0.195 0.963 1.950 2.952 3.952 4.952 5.952

0.183 0.965 1.953 2.954 3.955 4.955 5.955

0.171 0.967 1.956 2.957 3.958 4.958 5.958

0.159 0.969 1.959 2.960 3.961 4.960 5.960

0.147 0.971 1.962 2.963 3.963 4.963 5.963

0.135 0.973 1.965 2.966 3.966 4.966 5.966

0.123 0.976 1.968 2.968 3.969 4.969 5.969

0.111 0.978 1.971 2.971 3.972 4.972 5.972

0.099 0.980 1.974 2.974 3.975 4.974 5.975

0.087 0.982 1.976 2.977 3.977 4.977 5.977

0.075 0.984 1.979 2.980 3.980 4.980 5.980

0.063 0.987 1.982 2.983 3.983 4.983 5.983

0.051 0.989 1.985 2.986 3.986 4.986 5.986

0.039 0.991 1.989 2.989 3.989 4.989 5.990
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approaches to 1, as shown in Table 4. Furthermore, as e tends
to 0, the orders of accuracy of w1ð3Þ;w2ð3Þ;w3ð3Þ;w4ð3Þ;w5ð3Þ
clearly approach to 2; 3; 4; 5; 6, respectively.

The expected orders of accuracy reveal clearer when we
take the value of t in the domain scale 1, say t ¼ 1, as shown
in Table 7. We observe from Table 7 that the orders of accu-

racy of w0ð1Þ;w1ð1Þ;w2ð1Þ;w3ð1Þ;w4ð1Þ;w5ð1Þ approach to
1; 2; 3; 4; 5; 6, respectively for the NLIVP (3)–(4). These results
of order verifications are clearer than those of Abdel-Halim

Hassan [23]. As a remark, we have successfully implemented
our proposed order verification mehod to verify the orders
of accuracy of solutions to the NLIVP (3)–(4) obtained using
truncated asymptotic expansions.

With the success of our proposed method, it is worthwhile
to indicate a follow-up research. A possible future research
direction is to extend the proposed method in this paper for

the fractional order problems, such as those studied by Jajarmi
and Baleanu [29] as well as Mohammadi et al. [30].

5. Conclusion

We have obtained explicit solutions to initial value problems,
where numerical methods cannot provide one, and verified the
accuracy orders of the explicit solutions. A method has been pro-

posed to verify the accuracy orders of explicit truncated asymp-
totic expansion solutions to initial value problems. We have
solved linear and nonlinear initial value problems using the

asymptotic expansion method. In addition, we have the correct
asymptotic (formal) expansion solutions to the initial value prob-
lems. The correctness of our solutions is confirmed by our pro-

posed order verification method. Furthermore, our proposed
method is successful in verifying the expected correct orders of
truncated asymptotic expansion solutions for both linear and

nonlinear initial value problems. A possible future research direc-
tion is to explore and implement the proposed method for differ-
ential equations of fractional orders.
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