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Abstract. Universal Seesaw Model is a model which explains the mass hierarchy of the quark
sector. This model introduces vector-like quarks. The top quark mass is generated in the
electroweak scale and the other quark mass is generated using a seesaw-like mechanism. The
invariant theory helps construct a weak-basis invariant. We study the weak-basis invariant
(WBI) using Hilbert Series (HS) and apply it to the Universal Seesaw Model, particularly the
one-generation case of the quark sector.

1. Introduction
Standard Model (SM) is the most successful theory that incorporates the dynamics of a sub-
atomic particle and its CP symmetry is broken by complex phase in the Yukawa couplings of
quark sector[1]. However, SM cannot explain some phenomena, one of which is the fermion mass
hierarchy. Universal seesaw model is one model that aims to explain this problem[2, 3, 4, 5].
One has studied the quark sector CP violation of the universal seesaw model[6], and they found
that even in one generation case, there is an imaginary parameter that leads to CP violation.
Moreover, the flavor structures are also more complicated than SM. These flavor structures are
completely arbitrary and basis dependent. So one can apply weak-basis transformation (WBT)
on the fields and the physical observables have to be independent under this change of basis.
These quantities are called weak-basis invariants (WBIs)[7, 8].

We aim to study the WBIs in the universal seesaw model, particularly the one-generation
case of the quark sector. To find the WBIs in this model, we use the invariant theory method
so-called Hilbert series (HS)[9].

2. The model
The gauge group of the model is SU(3)C × SU(2)L × SU(2)R × U(1)′Y . The complete particle
contents and their charge assignments under the underlying gauge group are given in Table 1.
After spontaneously symmetry breaking (SSB), the ordinary quark and VL quarks will mix at
the tree level from non-zero vacuum expectation value (VEV) of SU(2)L and SU(2)R doublet
Higgs vL and vR respectively, which satisfy vR ≫ vL.
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Table 1. Quark and higgs field in the model and their charge assignments.

Quark and Higgs Field SU(3)C SU(2)L SU(2)R U(1)Y ′

qL =

(
uL
dL

)
3 2 1 1/6

qR =

(
uR
dR

)
3 1 2 1/6

UL,R 3 1 1 2/3
DL,R 3 1 1 −1/3

ϕL =

(
ϕ+
L

ϕ0
L

)
1 2 1 1/2

ϕR =

(
ϕ+
R

ϕ0
R

)
1 1 2 1/2

Considering one generation case without flavor mixing, the Yukawa interaction and the mass
terms of VL-quark as follows,

L =− qLyuLϕ̃LUR − qRyuRϕ̃RUL − ULMUUR − h.c.

− qLydLϕLDR − qRydRϕRDL −DLMDDR − h.c. (1)

where yuL, yuR, ydL, ydR are Yukawa couplings and MU(D) is the up-type (down-type) VL-quark
mass. For instance, after substituting the non-zero vev of L-R Higgs, changing to mass eigenstate
basis, and diagonalizing the mass matrix using bi-unitary transformation, the approximate light
and heavy mass eigenvalues for up(down)-type quark are,

mu(d)1 ≃
vLvR|yu(d)L||yu(d)R|

2MU(D)
, mu(d)2 ≃ MU(D) (2)

respectively.

3. Invariant theory
In this section, we give explanation about invariant theory briefly where mainly we studied from
[10]. Consider a model containing n parameters q = (q1, q2, . . . , qn)

T and are transformed under
a symmetry group G representation R(g), where g ∈ G, as follows,

q′ = R(g)q, ∀g ∈ G. (3)

Invariants denoted by I(q) are polynomial functions of q and satisfy I(q′) = I(q) and they form
a ring (due to the addition and multiplication property). The ring will have a finite number of
generators (basic invariants) if G is a reductive group [9]. The number of linearly independent
(primary invariants) is equal to the number of physical parameters in the model. These invariants
can be obtained using Hilbert series [9],

H(q) =

∞∑
r=0

crq
r =

1 + c1q + · · ·+ ck−1q
k−1 + qk∏p

r=1(1− qdr)
. (4)

q : |q| < 1 complex number labeling the building blocks

cr : number of invariants of degree r

k : degree of numerator; p : number of parameters
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4. Weak-basis invariants (WBI)
Define the WBT on doublet and singlet VL quarks as follows,

q′L = eiθVL qL, q′R = eiθVR qR, U ′
L = eiθULUL

U ′
R = eiθURUR, D′

L = eiθDLDL, D′
R = eiθDRDR. (5)

The lagrangian in Eq.(1) unchanged if the Yukawa couplings and VL quark mass are transformed,

y′uL = eiθVLyuLe
−iθUR , (y∗uL)

′ = eiθURy∗uLe
−iθVL , y′uR = eiθVRyuRe

−iθUL

(y∗uR)
′ = eiθULy∗uRe

−iθVR , y′dL = eiθVLyuLe
−iθDR , (y∗dL)

′ = eiθDRy∗dLe
−iθVL

y′dR = eiθVRydRe
−iθDL , (y∗dR)

′ = eiθDLy∗dRe
−iθVR , M ′

U = eiθULMUe
−iθUR

(M∗
U )

′ = eiθURM∗
Ue

−iθUL , M ′
D = eiθDLMDe

−iθDR , (M∗
D)

′ = eiθDRM∗
De

−iθDL . (6)

By labeling q1 = yuL, q2 = y∗uL, q3 = yuR, q4 = y∗uR, q5 = ydL, q6 = y∗dL, q7 = ydR, q8 = y∗dR, q9 =
MU , q10 = M∗

U , q11 = MD, q12 = M∗
D and by using Molien function[?] (or also known as Molien-

Weyl formula[10]), we obtain the multi-graded HS,

H(q1, . . . , q12) =
1− q1q2q3q4q5q6q7q8q9q10q11q12

(1− q1q2)(1− q3q4)(1− q5q6)(1− q7q8)(1− q9q10)

× 1

(1− q11q12)(1− q2q3q5q8q9q12)(1− q1q4q6q7q10q11)
. (7)

From the denominator of Eq.(7), we obtained information about basic WBIs. We have eight
basic WBIs denoted as follow:

I1 = yuLy
∗
uL, I2 = yuRy

∗
uR, I3 = ydLy

∗
dL, I4 = ydRy

∗
dR, I5 = MUM

∗
U

I6 = MDM
∗
D, I7 = y∗uLyuRydLy

∗
dRMUM

∗
D, I8 = yuLy

∗
uRy

∗
dLydRM

∗
UMD. (8)

In addition, from the numerator, we obtain one relation between basic WBIs I7I8 = I1I2I3I4I5I6.
Using H(q) = H(q, q, . . . , q) relation, where H(q) is ungraded HS (eq.(4)) and H(q, q, . . . , q) is
Eq.(7) with substituting all variables qi = q where i = 1, . . . , 12, we get the ungraded HS in this
model as follows,

H(q) =
1 + q6

(1− q2)6(1− q6)
. (9)

From the denominator of Eq.(9), we see that there are six primary WBIs of degree two, which
are I1 ∼ I6 and one primary WBI of degree six which we choose as I7 − I8 ≡ J9. The other
degree six invariant (I7 + I8 ≡ J10) is counted in the numerator. Therefore, we have seven
primary WBIs which means there are seven parameters in this one-generation case of the quark
sector universal seesaw model.

Moreover, we also looked at the CP parities of the primary WBIs. We have six CP even
(I1 ∼ I6) WBIs and one CP odd (J9) WBI. From [6], there is one CP violating WBI in one-
generation case of the quark sector universal seesaw model. We write the CP violating WBI in
terms of invariants in our results as,

W = −J9
2i

(10)

which appears in the WL −WR mixing [12].
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5. Summary
We have implemented Hilbert Series method in the universal seesaw model, particularly to the
one generation case of quark sector. We find eight basic WBIs becoming the generator of the
ring, one syzygy and seven primary WBIs. Furthermore, there is one CP violating WBI in this
model which appears in the WL −WR mixing.
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