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1. Introduction

Fractional Brownian motion (fBm) with Hurst parameter H € (0, 1) is surely one
of the most studied Gaussian processes in recent years. It was first introduced by
Mandelbrot and van Ness as the centered Gaussian process By with covariance
function

1
E(Bg(t)Bg(s)) = §(t2H + 2 |t —s|?PH), ts>0,

see Ref. It would definitely be an impossible task to give all references about
fBm, thus for an overview we refer to the papersZCBIIISRAB0EZ ond mono-
graphs’® 1 and the references therein.

Properties like Holder continuity of any order less than H, long-range depen-
dence, self-similarity and stationarity of increments turn fBm an important process
in models of many fields of applications. The use of fBm, however, restricts a model
to a certain Holder continuity H of the paths for all times of the process. For many
applications time-dependent Holder continuities would be desireable.

Lévy Véhel and Peltier® and Benassi et al® independently introduced multifrac-
tional Brownian motion (mBm) Bj, to overcome this restriction. The covariance of
the centered Gaussian process By, is given by

om0~ SO L oy g

where h : [0,7] — (0,1) is a Holder continuous function of exponent 8 > 0 and

Clo) = (F(2x ¥ 217)Tsin(7rx) ) :

and I" is the gamma function. Properties of this process such as Holder continuity
of the paths and Hausdorff dimension can be found in Refs. [6] and [I6], as well as
local times of mBmPHAISIZHED o1\ d estimates for the local Hurst parameters® In
white noise analysis mBm was studied in Ref. together with a corresponding
stochastic calculus.

Self-intersection local time is an intensively studied object for about 80 years,
see e.g., Ref. 37l Heuristically, the self-intersection local times serve to count the
self-crossings of the trajectory of a stochastic process. In an informal way the self-
intersection local time can be expressed by

T T
I(T) ;_/0 /O S(Y (t) — Y (s))ds dt,

where § is the Dirac delta function and Y is a stochastic process. Indeed, the
random variable I(7T) is intended to sum up the contributions from each pair of
“times” s,t € [0,T] for which the process YV is at the same point. For Gaussian
processes the self-intersection local times are defined as rigorous objects, see for the
case of Brownian motion e.g., Refs. [l 5l 17, 20l [25], BT, [36], BY), [47, 48], and
e.g.,[d 12| 18 24] 28] 40 and [46] for fBm and mBm. One framework which serves to
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give a mathematical sound meaning to I(T) above in the Gaussian setting is white
noise analysis, see e.g., Refs. 26, B3] and [43] which is our choice in this work. The
main results of this paper may be summarized as

(1) The truncated self-intersection local time of mBm is a Hida distribution, see
Theorem 11

(2) Derivation of the kernels functions of the truncated self-intersection local times
of mBm, see Theorem .2

(3) Proof of the convergence of the regularized truncated self-intersection local
times of mBm to the truncated self-intersection local times of mBm, see
Theorem 3]

The rest of the paper is organized as follows. In Sec. 2, we provide some background
of white noise analysis. In Sec. B, we recall the definition and some properties of
mBm. Finally, Sec.  contains the main results and their proofs of this work.

2. Gaussian White Noise Analysis

In this section, we review some of the standard concepts and theorems of white
noise analysis used throughout this work, and refer to Refs. 26|, 27 [32] and [33] and
references therein for a detailed presentation.

We start with the basic Gel'fand triple

SqC LAC Sy,

where S; := S(R,R%), d € N, is the space of vector valued Schwartz test functions,
S’ its topological dual and the central Hilbert space LZ = L*(R,R?) of square
integrable vector valued functions with norm

d
2 _ 2(2)d L2
I ;/Rfl(x) v, fel?

The space Sy is a nuclear and can be represented as a projective limit of a
decreasing chain of Hilbert spaces (Hp)pen, see e.g., Refs. 23 and [45, that is

Sa= () Hy.

peEN

Hence, Sy is a countably Hilbert space in the sense of Gel’fand and Vilenkin 3 We
denote the corresponding norm on Hy, by | - |,, with the convention Hy = LZ. Let
H_, be the dual space of H, and let (-,-) denote the dual pairing on H_, x H,.
H,, is continuously embedded into LZ. By identifying LZ with its dual via the Riesz
isomorphism, we obtain the chain H, C L? C H_,. Note that S = Upen H-p:
that is S/, is the inductive limit of the increasing chain of Hilbert spaces (H_p)pen,
see e.g., Ref. 23l We denote the dual pairing of S/, and Sy also by (-, ).
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Let B be the o-algebra generated by cylinder sets on S). By Minlos’ theorem
there is a unique probability measure p4 on (S7, B) with the characteristic function

given by
/

Hence, we have defined the white noise measure space (S}, B, q). The complex
Hilbert space L?(pq) := L*(S), B, juq) is canonically isomorphic to the Fock space
of symmetric square integrable functions

: 1
WP dpg(w) = exp <§|cp|(2)> , e S

’
d

oo ®d
L2 (pq) ~ (@ SymLz(Rk,k!dkx)> : (2.1)

k=0

which implies the Wiener—It6—Segal chaos decomposition for any element F' in
L?(pa)

neNd

with the kernel function F,, in the Fock space, where Ny := NU {0}. We introduce
the following notation for simplicity:

n:(nl,...,nd)ENg, n=ni+---+ng, mnl=n!---ny
and for any w = (w1, ...,wq) € S}
:w®"::::wi®"1 :®~~®:w?"d :

where : w®" : denotes the nth Wick tensor power of the element w € S}, see e.g.,
Ref. For any F € L*(u1q), the isomorphism (1)) yields

1FNZ 20y = D nlUFnld,

neNd

where the symbol |-|g is also preserved for the norms on L?(R, Rd)%n, for simplicity.
By the standard construction with the space of square-integrable functions with
respect to pg as central space, we obtain the Gel’fand triple of Hida test functions
and Hida distributions.

(Sq) € L*(pa) C (Sa)'-

In the following, we denote the dual pairing between elements of (Sg)" and (Sg) by
{(-,-). For F € L*(uq) and ¢ € (Sq), with kernel functions F,, and ¢y, respectively,
the dual pairing yields

<<F7 50>> - Z n!<Fn790n>'

neNg
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This relation extends the chaos expansion to ® € (S;)" with distribution valued
kernels ®,, such that

<<q)790>> = Z n!<q)n7§0n>a

neNd

for every generalized test function ¢ € (S4) with kernels ¢,,.
Instead of reviewing the detailed construction of these spaces we give a charac-
terization in terms of the S-transform.

Definition 2.1. Let ¢ € Sy be given. We define the Wick exponential by

cexp((n@) = 3 =

Lion s gom e sy
neNd

and the S-transform of ® € (Sy)’ by
S®(p) = (@, : exp({., #)) 2))-

Definition 2.2. (U-functional) A function F' : Sq; — C is called a U-functional
whenever

(1) for every ¢1,p2 € Sg the mapping R 3 A — F(\p1 + ¢2) has an entire
extension to z € C,
(2) there are constants K7, K5 > 0 such that

F(29)] < Ky exp(Kal2 P @ll?), V2 €Cop e Sy
for some continuous norm || - || on Sy.

We are now ready to state the aforementioned characterization result.

Theorem 2.1. (cf. Refs. B2 and [44)) The S-transform defines a bijection between
the space (Sq)’ and the space of U-functionals. In other words, ® € (Sq)" if and
only if S® : Sqg — C is a U-functional.

Based on Theorem [Z] a deeper analysis of the space (Sg)’ can be done. The
following corollaries deal with the convergence of sequences and the Bochner inte-
gration of families of generalized functions in (Sg)" (for more details and proofs see

e.g., Refs. 20, [32] and [44]).
Corollary 2.1. Let (®,)nen be a sequence in (Sq) such that

(1) for all ¢ € Sq, (SPp(@))nen is a Cauchy sequence in C,
(2) there are Ky, Ko > 0 such that for some continuous norm || - || on Sq one has

|S®,,(2)| < Ky exp(Ka|z|*lpl|?), @€ S4 neN, z€C.

Then (Pp)nen converges strongly in (Sq)" to a unique Hida distribution.
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Corollary 2.2. Let (2, F,m) be a measure space and X — ® be a mapping from
to (Sq)'. We assume that the S-transform of ®y fulfills the following two properties:

(1) The mapping X\ — SPx(p) is measurable for every ¢ € Sy,
(2) The S®y obeys the estimate

[SPa(z)| < C1(A) exp(C2(N)[=P[ll?), 2z € C,p € Sa,
for some continuous norm || - || on Sq and for Cy € L*(Q,m), Cy € L>®(2,m).

Then,

/ By dm()) € (Sa)’
Q

and

5( [ oran) @)= [ (sE(@)am0), @ si

At the end of this section, we introduce the notion of truncated kernels, defined
via their Wiener—Ito—Segal chaos decomposition.

Definition 2.3. For ® € (S;)’ with kernels ®,,,n € N and k € Ny we define
truncated Hida distribution by

ok = Z (O D).

neNdin>k

Obviously one has @) ¢ (S,)".

3. Multifractional Brownian Motion

mBm in dimension 1, was introduced by Peltier and Véhel® and Benassi et al% as
a generalization of fBm having a time-dependent Hurst parameter. We follow here
the definition in Ref. [l

Definition 3.1. Let A : [0,T] — [«o, 5] C (0,1) be a Holder continuous function
with exponent v > 0, i.e. there exist K > 0, such that

|h(t) — h(s)] < K|t —s|”, forall s,te[0,T].

A zero mean Gaussian process with covariance function

1 2
Rult.s) = C (5(h(t) + h(s))) [1< BUHR(S) 4 h(D+h() _ [ _ gla(D+h(s)y |

C(h()C(h(s) |2

(3.1)

where the normalization constant is given by

Clo) = (F(2x ¥ 217)Tsin(m;) ) :

and I is the gamma function is called mBm in dimension 1.

2050007-6
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Remark 3.1. In fact the class of functions for i can be extended a little bit further
than in Definition B1], see e.g., Ref. It can be shown, see again e.g., Ref. [35] that
Ry, is indeed a covariance function.

Throughout this paper, we use the following notations. By @ we denote the
Fourier transform of u and let L{ (R) be the set of measurable functions which are
locally integrable in R. Each f € LIOC(R) gives rise to an element in S7, denoted by
Ty, that is for any ¢ € S1, (Ty, ) = [ f( x)dx.

In order to obtain a realization of mBm in the framework of white noise analysis
we introduce the following operator, see Ref. For any H € (0,1) we define the
operator My, which is specified in the Fourier domain by

S ),y e RO}

The operator My is well defined in the space
LER) =={ue S :a="Ty; feL,.(R)and |jullg < oo},

(Mpu)(y) =

where the norm
Julf = gy [, el (o)l da
is associated to the inner product on the Hilbert space L% (R) given by
(u, 0) a1 = @ /R 1125 ()5 () .

Another possible representation for the operator My is as follows Eq. (2.4) of
Ref.

(Mue)(x) =y(H)(| - [T, 0(x + ) = 1(H)(Ou,p(z+ ), ¢ Si(R),
(3.2)

where

VT'(2H + 1) sin(7H)
2T (H — 1/2) cos(m(H — 1/2)/2)
Note that Oy is a generalized function from S}, that is for any ¢ € S; we have
(©,9) = (ly|"=3/2 4 (y)). The operator My, H € (0,1) establishes an isometry
between the Hilbert spaces L% (R) and L?(R) (see Proposition 2.10 of Ref. [35)
which is bijective, see Theorem 2.14 of Ref.

Next, we define the operator My for a measurable functional parameter h :
[0,7] — (0,1). Let £(R) denote the space of simple functions of R, that is the set
of all finite linear combinations of functions 1, 4)(-) with a,b € R. Recall that Ry,
denotes the covariance function of a mBm with functional parameter h, see (BI)).
We define in £(R) the bilinear form

(Li0,6, Ljo,s))n := Ralt,s)

and by linearity to general elements in £(R).

v(H) =

2050007-7
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For all h: [0,T] — [o, 8] C (0,1) as in Definition B} the bilinear form (-, )
is an inner product, see Proposition 3.1 of Ref.

Example 3.1. The following are examples of functions & satisfying the assump-
tions in Definition [B.1k

(1) h(t) = 0.5+ 0.4sin(5nt) for any t € [0,T.
(2) h(t) =01+ (5)? B€(0,1)and t € [0, 7).

Note that the class can have time-varying Holder continuity of the paths. Here,
both functions take values in a compact subset of (0,1). In fact every differentiable
function is fulfilling the assumptions in Definition 3.1}

Definition 3.2. For h as Definition Bl we define the L?(u1) random variable
Bh (t) by

Bh(t) = <'777t> = <'7Mh]1[0,t]>7
where the linear map My, is defined by
My : ER) — L*(R), Lo+ ne = Mplps = Muwylioy == Mulpg|m=ne)-

Remark 3.2. (1) One can show that the process (w,t) — Bp(w,t) is a 1-
dimensional mBm, see Ref.

(2) There is a continuous modification of the process By, (t) by Kolmogorov’s con-
tinuity theorem and we use the same notation for this continuous modification.
(3) The completion of £(R) with respect to (-,-)s is a Hilbert space denoted by
L3 (R). Moreover, the operator M, is an isometry between (£(R), (-,-)n) and
(L*(R), (+,-)), which can be extended to an isometry between L? (R) and L?(R).

The next proposition shows certain properties of 1-dimensional mBm.

Proposition 3.1. The process Bp(t), t > 0 has the following properties:

(1) It is a zero mean Gaussian process and the characteristic function of Bp(t) is
given by

E(ei)\Bh(t)) _ / eiA(w,M;Jl[o,t]) dﬂl(w)
S1(R)

A2 2
=exp (-7 |MrL0,1]72r)

2
exp < %t%(t)> .
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(2) Its increments are in general neither independent nor stationary. In particular,
we have

E((Bi(t) — Bn(s))*) = /R(nt(:v) —ns(2))? da = 2"+ 210 — Ry (1, 5),

where the covariance Rp(t,s) is defined in BI). If s = 0 the above equality
gives the variance of By (t), that is E(B2(t)) = >,
(3) There exists € > 0 such that for all m € N there exists My, > 0 such that

E((Br(t) — Bn(s))™) > M|t — S|m(h(t>/\h(s))’
for all t,s > 0 such that |t — s| < e. Here, for any a,b € R, a A b := min{a,b}.

Proof. The two first properties are easy to check using the definition. The last
property has been proved in Ref. 14 using the Holder continuity of A. O

Now, we are ready to define the d-dimensional mBm.

Definition 3.3. (d-dimensional mBm) Let h be as in Definition BIl A d-
dimensional mBm with functional parameter h is defined by

Bh(t) = (Bh,l(t),...,Bh7d(t)), t>0,
where By ;(t), i =1,...,d, are d independent 1-dimensional mBms.
Properties of By (t):

(1) The expectation is zero E(Bp(t)) = 0.
(2) The characteristic function of By, (t) is given, for any = € R%, by

J

(3) The covariance matrix of By (t) is

cov(By(t)) = (35> M)¢

1,0=1"

) 1
€@ B0t dpiy(w) = exp (5”’“%@&) '

’
d

4. Self-Intersection Local Times of mBm

Heuristically, the self-intersection local times serve to count the self-crossings of the
trajectory of a stochastic process. Informally the self-intersection local time is given
by the time integral over a composition of Dirac delta function with the increment
of the process. This Donsker’s delta function is a well-studied object in white noise
analysis, see e.g., Refs. 20, 33 and [43l The concept of local times for mBm was
studied by many authors, see e.g., Refs. [} and and references therein. In
the framework of white noise analysis the local times of mBm was investigated in
Ref.

In this section, we show that the truncated self-intersection local time of mBm is
a Hida distribution. Moreover, we determine its kernel functions, see Theorems [4.1]

2050007-9
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and In addition, we prove that the truncated self-intersection local times of
mBm may be approximated by a regularized truncated self-intersection local times
in the sense of Hida distributions.

Proposition 4.1. Fort,s > 0 with s <t the Bochner integral

1\* ,
§(Bn(t) — Bp(s)) == <%> /R e X Br)=Br(9))aa g\ (4.1)

is a Hida distribution and for any ¢ € Sy its S-transform given by

d d
1 1
55(Bh(t) - Bh(S))(S") = (m) eXp *m ;(‘Pjant,s)%z )
(4.2)

where s (x) = ni(x) = ns(2), [mslie = Jrlms(@)Pdz and (o5,m1,5)1
jR wj(@)ns(x)de, 7=1,...,d.

Proof. First, we compute the S-transform of the integrand in (]) for any ¢ € Sg:

d
, 1 .
Se!NERO=B1 Dt (@) = exp | — 2| AlRalieslTz +1D A /R ()0, ()
=1

(4.3)

It is clear that the S-transform is A-measurable for any ¢ € S;. On the other hand,
for any z € C and all ¢ € S; we obtain

7 — s 1
Sei B0 B0t ()] < exp (LN RulealF ) explel Nilesl )
< 1 N 2 l)\2 2 2], 12
< exp (~SIMEalneelts ) exp (SN sl + 2Pl

1
< exp (— Ml ) explsPlel)

Thus, we have the following bound:
, 1
[SENBAO-BrONt sp)] < exp (= 3 \Bul ol ) expl(=Plol)

where as a function of A, the first factor is integrable on R? and the second factor
is constant. The result {2) follows from ([L3) by integrating with respect to A and
Corollary 0

In the following theorem, we characterize the truncated self-intersection local
times of mBm as a Hida distribution. Therefore, we use the notation (V) for the
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truncated Donsker delta function §(N)(B(t) — B(s)), N € Ny which is the Hida
distribution defined for any ¢ € Sy by its S-transform as

d d
1 1
SsMN)(B(t) — B(s =—— ¢ —e— Y (P ms)iz |
( ( ) ( ))((P) \/%|77t75|[‘2 XPn 2|7]t,s|%2 j:1<50] 77t, )L

with expy (z) == Y07\ 42" for z € C.
In order to proceed with the first main result of this paper we need the following
assumption.

Assumption 1. There exist K > 0 and x > 0 such that operator M}, satisfy for
all t,s € [0,T]

/ |(Mp1jo4 — Mpljgq)(z)|dz < K[t — s|".
R

Remark 4.1. (1) Note that for h constant or strictly monotone, fulfilling
Definition B.J], Assumption 1 is fulfilled.
(2) Assumption [0l can be viewed upon as a control of the increments of mBm.

From now on, C'is a constant whose value is unimportant and may change from
line to line.

Theorem 4.1. Let h be as in Definition Bl and Assumption [l hold and d € N,
N € Ny be such that d||h||sc — 2N (5 — ||h]loc) < 1 (J|h]|oo s the supremum norm of
h on [0,T]), then the Bochner integral

T T
1N 0,1)) == 1"(T) = / / SN)(B(t) — Bp(s))dtds
0 0
is a Hida distribution.

Proof. The proof uses again Corollary with respect to the Lebesgue measure
in [0, T)?. Let [a,b] C [0,T] be such that |b—a| < e. According to Proposition B1}3
and ([L2), we have

SN (B (t) — Bn(s))(¢)
1 ! 1 d
= —— | exp - (pi,n ,5)22 , (4.4)
<V27T|Tlt,s|L2> M 2l ; L

which is measurable in (¢, s) for every ¢ € Sg. Using the supremum norm of ¢ € Sy
and Proposition B.I}-3 we obtain the following bound for any z € C:

158N (Bi(t) — Bi(s))(2%)]

C ’ C 2 2 2
<|\—— - t— K
= (\/27r|t5||h||oo> XPN <|t5|2|h||oo|z| lpll[¢ — s]

d
1 o
< (m) eXPn (C|t —s[® 2”hH°°|Z|2||‘PH2> : (4.5)
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The estimation
expy (Clt — 5|21l |212jp)|?) < [t — 5PN Mll=) exp(C|2?||0]|?)  (4.6)
allows us to obtain the bound

1S6) (B (t) — Bn(s))(2¢)]
1 \¢
< (L) e = sl AN b e (L2 0] 2),
(o) s p(Cl=PleP)
which is integrable in ¢, s € [a,b] if and only if d||hljc — 2N (k — ||h]|ss) < 1. The
proof follows from Corollary 22l Finally, as [0, T] is a finite interval, we may obtain

the truncated self-intersection local time L%N)(T) on [0,7] by a patch procedure.
That is, if ], [a;, b;] is a partition of [0, T] such that |a; — b;| < € , then we define

) = 31 o b)), -

Theorem 4.2. Let h be as in Definition 311 and Assumption [l hold and d € N,
N € Ny be such that d||hlcc — 2N (K — ||h||sc) < 1, then the kernel functions of
I(N)(T) are given b
L given by

1
o= () [ ()

Z % H Nes(uj) dt ds (4.7)

ni,...,ngE€Ng Ti=1
nit-tng=n

for each n € N such that n > N. All the other kernels Fy . are zero.

Proof. The kernels of 1 ,(IN) (T') are obtained by computing the S-transform. There-
fore, we use Corollary 22 and integrate ([@4)) over [0,7]2. For any ¢ € Sy, we have

SIM(T)(p) = ( >//|nts|L2 2"(|77tlzn
d

Z H 05y Nt.s) L2 "idtds
(7= )Cl/T/Ti (-3)
2 o Jo =\ 2 0e,s| 752"
d

Z niH <Pg’77ts L2 " dt ds.

ni,...,ng€Ng =
nit-t+ng=n
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Comparing it with the general form of the chaos expansion
N n
LMy = 37w By )
neNd

we obtain F}, ,, as in ([@7). This completes the proof. O

Remark 4.2. The result of Theorem 1] states that for h constant

(1) and d =1 all self-intersection local times are well-defined. In fact, for h = H €
(0,1) we have k = 2 and the integrability condition d||h||cc —2N (£ —||h]|s) < 1
implies that N > (1 — H)(H —2)~1/2. As the right-hand side of this inequality
is negative, then we can always choose N = 0,

(2) ford=2and h = H = 1/2, we have

/ |(Mplo4) — Mplq)(2)| do = / L5 4 (z) do = |t — .
R R
Hence in this case k = 1. Thus

dl|hllec = 2N(k — ||h[lc) =1 = N.

In this case, we have that N > 1 is necessary to fulfill the assumptions of
Theorem Hence, we have to subtract the expectation in order to obtain a
well defined Hida distribution.

This is the well-known fact, that the self-intersection local time of a planar
Brownian motion has to be centered, see e.g., Refs. [ 24] and 47

The considerations in Remark motivate the study of a regularized version
of I,(T), namely

T T
I ()= [ 6B = Bus) dras. 4> 0.

where
52 (Bu(t) — Bu(s)) = (ﬁ)dexp (~51B4(0) - Bt ).

Theorem 4.3. Let v > 0 be given and h be as in Definition 31 and Assumption
hold.

(1) The functional I, ~(T) is a Hida distribution with kernel functions given by

d T T n
foantone) = (72) [ [ (53) e
UL,y vy Uop) = | —— —=
h,y,2n\U1 2 o 0 0 2 ('7 + |77t,s %2)n+d/2
2n

1
E — I | ne,s(uj) dtds (4.8)
N1, ngq€Ng n j=1

ny+otng=n

for each m = (n1,...,nq) € N& and Fj, . n = 0 if at least one of the n; is an
odd number.
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(2) For v — 0 the truncated functional I,(I],Y{) (T') converges strongly in (Sq) to the

truncated self-intersection local times I,(LN)(T).

Proof. (1) First, we compute the S-transform of d (B (t) — Bp(s)). For any ¢ €
Sq, we obtain

d
1 1

S5,(B _ B (s _ ex T ol L 12 Y
(B (t) — Ba(s))() oty ) ST\ )

d 2
> </ ©; (@), (2) dx) ;
j=1 E
which is measurable in ¢, s. Thus, for any z € C and ¢ € Sy, by the Cauchy—-Schwarz

inequality we obtain the following bound:
d

— s))(z ! ex 7“%8'”
58, 50(0) =)o) < | e b (el

1! 2,12
< (ﬁ> exp(|2[2Il2). (49)

The first part of the assertion 1 follows from Corollary 2.2 since the integration is
finite in a bounded set. Hence, I}, ,(T') € (Sq)’. To find the kernels of I (T'), let
@ € Sq be given, then we have

SIy~(T //55 (Ba(t) — Bi(s))() dt ds

(\/ )// v+|77ts|2 d/zz2"7+|nts|m)
d
Z H 05y Nt,s) L2 "idtds

: (#)d/f/fi

n=0

d
Z %H((pj,nts)m dt ds.

Comparing the latter expression with the kernels F},  ,, from the chaos expansion
of Ihﬂ(T)

(42) aemn
2 (’7 + |77t s )n+d/2

3
=
5
s
m
z
(=}

<
Il
—

Liy(T) = Y w®™ : Fhpn),

neNd
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we conclude that whenever one of the n; in n = (n1,...,nq) is odd we have
F.4m =0, otherwise they are given by the expression ().

(2) To check the convergence we shall use Corollary 2.1l and the fact that

SpN(r / / S8M(By(t) — Bi(s))() dt ds.

Thus, for all z € C and all ¢ € S; we estimate SI}(W (T)(z¢) using the bound

E9) by

1s1y™(r w|</ / 1S5 (B (1)) — Bi(s)(2¢)| dt ds

1 T T
§< m) / / expl(|2 2| 2)dt ds

d
1
< (53=) TrewlePieh)

which shows the uniform boundedness condition. Moreover, using similar calcula-
tions as in Theorem [T} for any ¢, s € [a,b] C [0,T] such that |a — b| < ¢, yields

d
N 1 C i
(ST @) ()] < — | oo (gl s lel?)
27T(7 + |77t,s|L2) v Mt,s|72
C d
< | ———— ] expy (Clt — 5|2l )12
B ( 27T|t3||h||oo> by (Cft = 5] ll*)

< O(2m) "2t — PNl =kl exp(Olo]|?),

which is integrable in ¢, s € [a, b] if and only if d||h||cc — 2N (k — ||h]|s) < 1. Finally,
an application of Lebesgue’s dominated convergence theorem and Corollary
gives the statement 2 of the theorem. In order to obtain the result on the interval
[0,T] we use the same argument as in the proof of Theorem ELTl |

5. Conclusion and Outlook

In this paper, we identified Donsker’s delta function, truncated and regularized
self-intersection local times of mBm satisfying Assumption [I] as Hida distributions.
Moreover, we showed that the regularized truncated self-intersection local times
converge strongly to truncated self-intersection local times in (Sg)’.

An application of the self-intersection local times is on the Edwards type model
for locally non-homogeneous polymers. The time-dependent Holder continuity mod-
els a different local persistence along the contour of a chain polymer. The self-
intersection local times can be used to penalize self-crossings. Such a model was pro-
posed by Edwards?! for the Brownian case and mathematically treated by Varad-
han 27 Recently, the model was extended to the case of fBm, see e.g., Refs. 24l and [29.
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A stochastic quantization of the corresponding Edwards measure via Dirichlet form
techniques was used to determine a stochastic partial differential equation for the
simulation of such polymer paths™®I The extension of these techniques would
surely be an important contribution to study the scaling behavior of heterogeneous
polymers. This work can be seen as a starting point of this scientific journey.
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