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Abstract. This paper discusses the solution of systems of fuzzy number max-plus
linear equations through the greatest fuzzy number subsolution of the system. We
show that if entries of each column of the coefficient matrix are not equal to infinite,
the system has the greatest fuzzy number subsolution. The greatest fuzzy number
subsolution of the system could be determined by first finding the greatest interval
subsolution of the alpha-cuts of the system and then modifying it if needed, such that
each its components is a family of alpha-cut of a fuzzy number. Then, based on the
Decomposition Theorem on Fuzzy Set, we can determine the membership function
of the elements of greatest subsolution of the system. If the greatest subsolution
satisfies the system then it is a solution of the system.
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Abstrak. Artikel ini membahas tentang penyelesaian sistem persamaan linear
max-plus bilangan kabur melalui subpenyelesaian terbesar bilangan kabur sistem
tersebut. Dapat ditunjukkan bahwa untuk matriks persegi, dengan komponen pada
setiap kolom tidak semuanya sama dengan tak hingga, mempunyai subpenyelesa-
ian terbesar bilangan kabur. Subpenyelesaian terbesar bilangan kabur sistem da-
pat ditentukan dengan terlebih dahulu menentukan vektor subpenyelesaian terbesar
interval potongan-alpha sistem tersebut dan jika diperlukan dilakukan modifikasi
sedemikian hingga setiap komponennya merupakan potongan-alpha suatu bilangan
kabur. Selanjutnya, dengan berdasarkan Teorema Dekomposisi pada Himpunan
Kabur, dapat ditentukan fungsi keanggotaan komponen subpenyelesaian terbesar
sistem. Jika subpenyelesaian terbesar memenuhi sistem, maka subpenyelesaian
terbesar tersebut merupakan penyelesaian sistem.

Kata kunci: Aljabar max-plus, sistem persamaan linear, bilangan kabur

1. Introduction

The max-plus algebra can be used to model and analyze networks, like the
project scheduling, production system, queuing networks, etc [1], [3], [4]. The
networks modeling with max-plus algebra approach is usually a system of max-
plus linear equations and it can be written as a matrix equation A ® € = b where
x and b are input vector and output vector respectively.

Recently, the fuzzy networks modeling have been developed. In this paper,
the fuzzy networks refer to networks whose activity times are fuzzy numbers. The
fuzzy scheduling are as in [2], [10] and the fuzzy queueing networks as in [7]. When
we follow the notions of modeling and analyzing fuzzy networks with max-plus
algebra approach, for the input-output fuzzy system we will use systems of fuzzy
number max-plus linear equations. For this reason, this paper will discuss existence
and computation of solutions of system AQz = b of fuzzy number max-plus linear
equations.

The solution of the fuzzy relational equation has been investigated by many
researchers. Among their results, are the minimal solution of a fuzzy relational
equation with the supinf composite operation [8], the complete set of minimal so-
lutions for fuzzy relational equations with max-product composition [11], the solu-
tions for fuzzy relational equations with supmin composition [12], and the solutions
for fuzzy relational equations with supinf composition [9]. The solutions for fuzzy
relational equations with max-plus composition will be discussed in this paper.

We first review some basic concepts of max-plus algebra, matrices over max-
plus algebra, and the solution of system of max-plus linear equations A ® = = b.
Further details can be found in [1].

Let R. := R U {e} be the set of all real numbers and € := —oc0. Defined two
operations on R. such that for every a,b € R,

a® b:=max(a,b),a® b:=a+ b
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Then (R, ®,®) is a commutative idempotent semiring whose neutral element & =
—o0 and unity element e = 0. Moreover, (R, @, ®) is a semifield, that is (R, ®, ®) is
a commutative semiring, where for every a € R there exist —a such that a® (—a) =
0. Then, (R,®,®) is called the maz-plus algebra, and is written as Ryq.. The
algebra R4 has no zero divisors, that is for every z,y € R, if t ® y = € , then
x =c¢ or y =¢&. The relation "=<,,, 7 on R4, defined by x <, yif t dy =y, is
a partial order on R,,q;. The operations on R,,., are consistent with respect to
the order =<,,, that is for every a,b,c € R4z, if @ <, b, then a & ¢ <,,, b P ¢ and
a®c=2,b®c Wedefinez? : =0, 2" =z ®zFland b :=¢, for k=1,2,... .
The operations @ and ® on R,,., can be extended to the set in R X" |

max

where R\2" = {A = (Aij)|Aij € Rinaw, for i = 1,2,...,m and j = 1,2,...,n}.

max

Specifically, for A, B € R we define

max

(A D B)” = Aij S>) Bij, (A ® B)z] = @ A, ® Bkj-
k=1

We also define matrix T € R, with (T);; := ¢ for every i and j, and

max ’

matrix £ € R1LY, with (E);; = 0 ?f *~J . We can show that (Rl @) is
max 5 lf 1 # j max

an idempotent commutative semigroup, (Rp v, ®,®) is an idempotent semiring

whose neutral element is the matrix T and unity element is the matrix F, and
R X" is a semimodule over R,

max

For any matrix A € R"X" define A° = E,, and AF := A® AF! for k =

max ?

1,2,... . The relation ”=,,” which is define in R]\<" by A < B if A® B = B,

is a partial order on R[}\". In (R}5Y, @, ®), operations & and ® are consistent

with respect to the order =<,,, that is for every A, B,C € R\ if A <X B, then
AeC=<B@Cand A C<B®C(C.

Define R} .. = {[z1, %2, ..., zn]T |7 € Rinasz,i = 1,2,...,n}. Note that R

max
: nx1 n
can be viewed as R} ,. The elements of R}, are called vectors over Ry,q; oOr
shortly vectors.

Definition 1.1. Given A € R\ and b e R, a vector & is called subsolution

of the system of max-plus linear equations AQ x=>b if A® £ < b.

Definition 1.2. A subsolution & of the system A ® x = b is called the greatest
subsolutions of the system A ® x = b if € < & for every subsolution & of the
system A® x = b.

Theorem 1.3. [1] Given A € R 5" with the entries of each column are not all
equal to € and b € R | then the greatest subsolution of system A ® x = b exists

and is given by &= —(AT ® (—b)).
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2. Main Results

We begin the discussion by developing some basic concepts of interval max-
plus algebra, matrices over interval max-plus algebra, and solutions of systems of
interval max-plus linear equations. The concepts are developed based on [6].

A (closed) interval x in Ry,q, is a subset of R4, of the form

[1‘] = [Qvf] = {JZ € Rmax|§ =m T 23m f}

The interval [x] € Ryqz is called maz-plus interval or shortly interval. For intervals
[z] and [y], [x] C [y] if and only if y <, £ <y T <4, . The number x € Ry, can

be represented as interval [z, z]. Define I(R). := {[z] = [z, ]|z, T € R, <y T <m
T} U{[e]}, where [¢] := [e, €]. Define two operations @ and ® by

[z]8ly] = [z y,ToY] 28] = 2@y, TR

for every [z],[y] € I(R).. We can show that I(R). is closed with respect to the
operations @ and ®. Moreover, (I(R).,®, ®) is a comutative idempotent semiring
with neutral element [¢] and unity element [0] = [0, 0]. This comutative idempotent
semiring (I(R)c, ®,®) is called the interval maz-plus algebra and is written as
I(R)max. Relation ”"<,;,,” defined on I(R)max as [x] <rm [y] if [z]®[y] = [y], is
a partial order on I(R)max. Notice that [z]®[y] = [y] if and only if z =<,, y and
T =2 7 -

Define I(R)25" = {[A] = ([A];;)|[Alij € I(R)max, for ¢ = 1,2,...,m and
j = 1,2,...,n}. The elements of I(R)MX" are called matriz over interval maz-
plus algebra or shortly interval matrices. Matrices [A], [B] € I(R)1X" are equal
if [A]” = [B]ij» that is if [A]ZJ = [B]” and [A]” = [B]” for every 7 and ] The
operations @ and ® on I(R)max can be extended to I(R)7X". Specifically, for
[A], [B] € I(R)X" we define

max

([A1®[B))i; = [Ali;®[Blij, ([AI®[B))i; = @D [Alix®(Blx;-
k=1

Then (I(R)MX" @,R®) is an idempotent semiring whose neutral element is the

(
matrix [Y], with ([Y]);; := [¢] for every ¢ and j, and unity element is the matrix [E],
with ([E]);; == { [0] if i = j

[e]ifi#j
over I(R)max
For any matrix [A] € I(R)mx", define the matrices A = ([A];;) € RI5"

. We can also show that I(R)x" is a semimodule

max

max ? max

and A = ([4];;) € R, which are called lower bound matrices and upper

bound matrices of [A], respectively. Define matriz interval of [A], as [A, A] =
{A e RIMA <, A =, A} and T(RX™M), = {[4, A]|[4] € I(R)™X"}. Also for

max max max

[A, A],[B, B] € I(R}:™), we define

max

[A, A]®[B,B] = [A® B,A® B|,[A, A]®[B,B] = [A® B,A® B].

The matrices interval [A, A],[B,B] € I(Rp<?)y are equal if A = B and A =

max

B. We can show that (I(Rp<2)p,®,®) is an idempotent semiring with neutral

max
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element [T, Y] and the unity element [E, E]. We can also show that I(R<"); is a
semimodule over I(R)max-

The semiring (I(R)7X", &, ®) is isomorphic with semiring (I(Ryxx )b, &, ®).

max

Define a mapping f, where f([A]) = [A, A] for every [A] € [(R)"X™. Also, the semi-

max

module I(R)%X" is isomorphic with semimodule I(R,%"),. Hence, for every matri-

ces interval [A] € I(R)jx" we can determine matrices interval [A, A] € T(Rpil)s.

max max

Conversely, for every [A, A] € I(RpxM),, A, A € REX", such that [@ij’ 4]

max max ?

z]] €

I(R)max for every i and j. The matrix interval [A4,A] is called matriz interval
associated with the interval matriz [A] and is written as [A] = [4, A]. So we have

[A]®[B] ~ [A® B, A B|,[A|®[B] ~ [A® B, A® B].
Define I(R)mX" := {[x] = [[@]1, [z]2, .-y [#]n] T |[z]i € I(R)max,i = 1,2,...,n}.

The Elements of I(R)™X™ are called interval vectors over I(R)max or shortly in-

max
terval vectors.

Definition 2.1. Given [A] € T(R)1X" and [b] € I(R) ... An interval vector
[2]* € I(R)!,., is called an interval solution of interval system [A]®[x] = [b] if
[z]* satisfies [A]@[x]* = [b]. An interval vector | ] e I(R)}?

subsolution of the system if [A]@[:c] =rm [b].

o ax 15 called interval

Definition 2.2. Given [A] € I(R)ZX" and [b] € I(R)... An interval vector

max max"*

(@] € I(R)™,, is called the greatest interval subsolution of interval system

[A]®[x] = [b] if [:1:] =Im [ [ ] for every interval subsolution [ ] of [A]®[x] = [b].

Theorem 2.3. If [A] € [(R)™X" with the entries of each column are not all equal
to [¢] and [b] € I(R)™,, with [A] ~ [A, A] and [b] = [b, b], then the interval vector
(2] ~ (&, %], with & = min{—(AT @ (~b));,~(A @ (~b))i} and &= —(4" ©(-b))

is the greatest interval subsolution of the interval system [A]&[x] = [b].

PROOF. Since the entries of each column of matrix [A] are not all equal to [g]
for every A € [A, A], the entries of each column of matrix A are not all equal to
e. According to Theorem 1.3 for every A € [A, A] and for every b € [b, b], the
vector & = —(AT ® (—b)) is the greatest subsolution of A ® £ = b. Especially
for the system A®x = b, the greatest subsolution is & (AT ® (=b)), and
for the system A®Z = bis T = (ZT ®( 5)) Let [z] ~ [z, 2], with 2, =
min{—(4" & (-b));, —(A" & (-b)); } and 7 = —(A" @ (b)),

(i) If —(A" ® (=b)) = —(A" @ (=b)) then & = —(A" @ (=b)). Since &
and Z are the subsolution of A@g =band AQET =0 respectively, A®z <, band
ART =<y, b hold. Tt is followed that [A®z, A ® F| <1 [b, b, or [A]&[z] <1 [b].
Thus [:;:] is a subsolution of [A]®[x] = [b]. Let the interval vector [x] € I(R)",,, be
an interval subsolution of [A]®[x] = [b], then [A]®[x ] =rm [b] or [A Z]@[g, %] <1m
[b] or [A® £, A® %] <1, [b, b], that means A® £ <, band AR T =<,, b

\i> ||
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4 and £ is a subsolution of A®z = b and A ® T = b, respectively. Since & and
Z are the greatest subsolution of Az = b and A ® T = b, respectively, <,, &
and £ =,, &. It follows that [£,%] <1, [&,%]. Thus, we can prove that [53] ~
[—(A" @ (-b)), f(ZT ® (—b))] is the greatest subsolution of [A]®[z] = [b].

(i6) Tt ~(A" ® (~b)) An ~(A @ (b)), then for [z] ~ [&, ~(4" © (~b))].
with &, = mln{ (AT @ (=b))s, (A ® (=b));} we have <, —(A" ® (b))
and & = —(A ® (=b)). Since the operation ® for matrices is consistent with
respect to relation =<,,, A®% <,, band A ® & =<,, b. It follows that ARz, A ®
Z] <im [b,b]. or [A]®[x] =rm [b]. Thus [z] is a subsolution of [A]@[z] = [b].
Let interval vector [m] € I(R)7 . is a interval subsolution of [A]®[x] = [b], then

[A|@[@] <rm [b] or [A,A|@[&,% <rm [b,b] or [A® & A® & =<1m [bb], it is
means thatA ® £ =<, b and A®z =,, b. Hence, & and & are a subsolution of
A® %z =band A® £ = b, respectively. Since is & the greatest subsolution of
AR &= B,gz < I Then, we can show that & <,, Z. Suppose that & ﬁm Z. Since
the relation =, in R4, is a total relation, there is an index i such that &; =, &, =
min{—(AT®(~b));, —(A' ®(—D));}. It means that (a) & = —(AT@(—b)); which
contradicts the fact that —(A” ®(—b)) is the greatest subsolution system A®# = b,
or (b) & »m f(ZT®(75))i which contradicts that & <, £ =<, = f(ZTEB(fB)).
Thus, & <,, & . Since & <,, & and & <,, @, [Z, E:] =Im |Z, 5:} Hence, it is proved
that [z] ~ [&, a] is the greatest subsolution of [4]&@[z] = [b]. O

If the greatest interval subsolution was satisfies the system, then it is an
interval solution of the system. In the further discussion, we assume that the
reader know about some basic concepts in fuzzy set and fuzzy number. Further
details can be found in [5] and [13].

Theorem 2.4. (Decomposition Theorem) [13] If A® is an a-cut of fuzzy set A in
X and A% is a fuzzy set in X with membership function pu(x) = axa«, where X go

is the charateristic function of set A , then A= |J A°.
a€l0,1]

Definition 2.5. Let F(R): := F(R) U {€}, where F(R) is the set of all fuzzy
numbers and € := {—oo}, with the a-cut of € is e* = [—o0, —o0] for every a € [0, 1].
Define the operations & and & such that for every a,b € F(R)es with a® [Qa,da] €
T(R)max and b* = [b*,5"] € I(R)max : (i) Mazimum ofa and b, written adb, is
a fuzzy number whose a-cut is interval [a® & b, a® ® b"] for every a € [0,1] (ii)
Addition of @ and b, written a®b, is a fuzzy number whose a-cut is the interval
[a® @ b*,a* ©b°"] for every a € [0,1].

We can show that a-cuts in this definition satisfy the conditions of a-cuts of a
fuzzy number. Since ((I(R)e, ®, ®) is an idempotent comutative semiring, from the
operations in F(R):z , we can show that (F(R)z, ®,®) is an idempotent comutative
semiring, with neutral element ¢ and unity element é = {0}, with e® = [0, 0] for
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every a € [0,1]. The idempotent comutative semiring F(R),a0z := (F(R)z, ©, ®)
is called the fuzzy number max-plus algebra and is written F(R)nqz-

Definition 2.6. Define F(R)™X" := {A = (4;;)|Aij € F(R)max, fori =1,2,...,m

and j =1,2,...,n}. The elements of F(R)TX" are called matrices over fuzzy num-
ber maz-plus algebra.

Such matrices will be called fuzzy number matriz. The operations & and ® in
F(R)maqs can be extended to the operations of fuzzy number matrices in F(R)3X7.
Specifically, for the matrices A, B € F(R)2%" we define

max ?

’I’l

(A®B)i; = Ai;&By;, (ASB); @AlkeaBk]
k=1

For every A € F(R)%%" and number o € [0,1] define a-cut matriz of matrizA,

max

that is the interval matrix A% := (Af;), with Af; is the a-cut of A,j for every i and
j. Note that matrix A% = (Af“j) e RV and AO‘ = (A%) € RLL" are lower bound

max max

and upper bound of matrix A%, respectively. We can conclude that the matrices
A, B € F(R)"X", are equal if and only if A* = B®, that is Ag: = By for every
o € [0,1] and for every i and j. For every fuzzy number matrix A, A* ~ [A%, A?].
Specifically, for the matrices A, B € F(R)’XZ, we can show that (A ® B)* ~
[A® @ B, A @ B®] and (A ® B)® ~ [A% ® B*, A* ® B] for every a € [0,1].

Define F(R)%, := {Z = [#1, %1, .., Zn)T |7 € F(R)maz,i = 1,2,...,n}. The
elements in F(R)?,, are called fuzzy number vectors over F(R)maz, or shortly
fuzzy number vectors.

Definition 2.7. Given A € F(R)"X" and b € F(R)",,. A fuzzy number vector
e F(R)™ .. is called fuzzy number solution of system AQx = b if T satisfies the
system. A fuzzy number vector ze F(R)"

the system if A&Z <ppm b.

ma.x

max 18 called fuzzy number subsolution of

Definition 2.8. Given Ae F(R)™X" and b € F(R)",.. A fuzzy number vector
ze F(R)2.. is called greatest fuzzy number subsolution of AQ% = b if @ T <pm

for every fuzzy number subsolution a z of the system.

max

Definition 2.9. Given A € F(R)7X" with the entries of each column are not all
equal to € and b € F(R)[ ..
are T;, that is a fuzzy number with the a-cut T = [Zf, %], The bounds of & are

deﬁnid recursively as bellfow. Let & = min{((AY)7T @ (=b%));, (AT @ (—=b%)),}
and ¢ = —((A*)T @ (—=b%)),,

Define a fuzzy number vector & whose components
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o faB =B o
min {2 }, if min {27} < &S
" Be[o,l]{ ot Be[01{ b2 3
Ti = &) if & <, &9
— ? K3 1M 1
€ [0, 1) witha > £, 1fJ; ~<m min xﬂ
ﬁ,if§75>m3§? apel0.1] b [01]{ }
— 0, it aP< 79 ,
R — ,Va, B €[0,1] witha < 3
39 27 -, 20

Notice that the a-cut family of the components of the fuzzy number vector
& as in Definition 2.9 is really an a-cut family of a fuzzy number. That is because
(i) according to the Theorem 2.3, ¢ is an interval, then ¢ is also an interval,
(ii) A e F(R)™%" and b € F(R)™,, hence Aj; # 0 and by # 0. Thus Zj; # 0.

max max?
Meanwhile from the Definition 2.9, we have Zj; = [gvcllj,ﬁm[ln {x }, with &}, =
e .
max {.T’B} if Yo € [0, 1] <, min {xﬁ}
pelo.d] BEOA " hence &l # 0, (iii) from the
min {w }, if 3a €0, 1], 2§ =y, min {x }
Bel0,1] Be€[0,1]

Definition 2.9, it is clear that Zf' is a nested a-cut family, (iv) A e F(R)™X" and
b € F(R)7,, then AO and b1 are bounded, respectively. Meanwhile from the
Definition 2.9, we have &;

?j ] with

max?

[ﬂ“c?g ;

min {x b ifVa €0, 1], 27 = mm {x'B}

50 B€[0,1] B€[0,1]
ij B ’
if3aeo 1 .
ﬁren[g]nl] {x }, if 3 € [0, 1], 2¢ < Bren[(l)nl] {z;}

hence 2{ is also bounded.

Further, use to Decomposition Theorem in fuzzy set, we can get the compo-
nents of fuzzy number vector 5:, that is 7; = U ¢ where ¢¢ is a fuzzy set in R

a€el0,1]

with its membership function p(z) = QXeo, Where Yo is the characteristic func-
tion of . With the above defined 5:, we have that & is the greatest fuzzy number
subsolution, where &% <, % for every « € [0,1] and for every i = 1,2, ...,n. The
theorem below gives a condition for the existence of the greatest fuzzy number sub-
solution the system A®& = b. We show that the fuzzy number vector as defined in
the Definition 2.9 is the greatest fuzzy number subsolution of the system A&& = b.

Theorem 2.10. Given A € F(R)™X" with the entries of each column are not
all equal to € and b € F(R)™,., then the fuzzy number vector & which whose
components are defined as in Definition 2.9 is the greatest fuzzy number subsolution

of Az = b.

PROOF. According to the Theorem 2.3, the interval vector % whose components
are @f = [2f,2f], with &¢ = min[-((4%)" ® (-b2));, —((A)" ® (~b%))i], and
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7% = —((A%)T @ (=b%)); for every i = 1,2,...,n, is the greatest subsolution of
system A®®[z] = b* for every a € [0,1]. Let & be a fuzzy number vector whose
components are fuzzy number z;, where % = [£%, %] whose bounds are defined
as in Definition 2.9. From the definition of f?,ﬂuc?jjm &%, Thus, % <, & for
every a € [0,1]. Since £ is the greatest subsolution of A“®[z] = b for every
a € [0,1], A%*®@&™ <, b for every « € [0, 1]. Since 2% =, & for every a € [0, 1]
and the operation ® on interval matrix is consistent with respect to the order
"< 7 AYREY < AYREY <p,, bY for every a € [0 1]. Hence, AQZ <p,, b
so & is a subsolution of the system A®% = b. Let 2 € F(R)",, be a fuzzy
number subsolut1on of ARz = b then A®Z <p,, b or A°@%* <;,, b , for every
a € [0,1]. Since £ is the greatest subsolution of system Aa®[ ] =b", w’ =rm &
for every a € [0,1]. Hence, we have Z <pm @, that is 4; <pm, 2 or & <pm I

an

for every a € [0,1]. Suppose there exists oy € [0,1] such that #7* %Im x5

1/ )

that is £;* >=,, ;" or xo“ —m & vf‘k (i) For case £3* >, I* there are three
possibilities: (a) &;* <, &;" <y, €7 . This leads to £** ﬁ Smce Fid
is the greatest Subsolutlon of System A% @ x = b, A @ £Y* ﬁ . This

contradicts the fact that T 1s a fuzzy number subsolution of the system A®:c =b.
(b) Suppose that Z;* <, £7* <,, Z7*. Based on the Definition 2.9, for Z;*, there

exist @, € [0,1], @y > ay such that &% <, 3™ <, 3. If it had not the case,

then " <, 7% <, €%, that contradicts the assumption above. Further, since

the a-cut family vector Z’s component are nested, £* <, £ . Since &0 <,,, £
and Z5% =<, £0™, 2% =<, £7™. This leads to €™ £, ™. Since "™ is the
greatest subsolutlon of the system A% @ ¢ = b, A @ g™ ﬁm b

contradicts the fact that & is a fuzzy number subsolution of the system A®% = b.

(¢). Suppose Zf* = Bm[m]{:r b =m £ 2w . Since the a-cuts of vector Z’s
€fo,1 —

component are an interval, £7* =, xf"“ According to the Definition 2.9, there

exists a;, f* € [0,1],a; < a such that iﬁ* Zm B0 <, £ & . If it had not the

3

case then :UO"“ # m[m {336 }, that contradicts the assumption above. Further, since
Belo,1

a-cut famlly of component of fuzzy number vector & are nested, ZO”‘ =m :1: #%7 . Since

&0 <y 28%, and 5% <, aﬁ?’,:ﬁia” <m 437, hence & £ Zm £%. Since % is
the greatest subsolution of the system A ® z = b, A% ® &% £; b*. This
conclusion contradicts the fact that Z is a fuzzy number subsolution of the system
A®% = b. b. (ii) For case £+ >m 2k there are two possibilities: (a) Suppose %+ <,

ZO% <, £ then £°* Am & Since £**is the greatest subsolution of the system

Av@r = b"’c , Ack @z ﬁm b This result contradicts the fact that Z is a fuzzy
7o
i

number subsolution of the system A®% = b. (b) Suppose 2 <, £7*% <, &
Based on Definition 2.9 on Z3*, there exist ozj [0,1],@; < aj such that 2% <,

Aa’ < & f’“ If it had not the case, then #;* <,, Z;™* <m & ™, that contradlcts the

assumptlon above. Further, since a-cut famlly of vector Z’s component are nested,
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Xe] xer . A O e
;% 2 &, 7. Since ;7 <, T;F

and £0% <, #0785 <, 709, Thus, %7 £ 7.
Since £ is the greatest subsolution of the system A% ® z = b, A% ®@ % £,
5% This result contradicts the fact that Z is a fuzzy number subsolution of the
system A®Z = b. Further, by Decomposition Theorem in fuzzy set, we can get

the components of fuzzy number vector & with its components are #; = |J &

a€gl0,1]
where & is a fuzzy set in R with its membership function p(z) = ax.e, where x.o,
where X is the characteristic function of Z7*. O

Before we give an example, we recall a special type of fuzzy numbers. A
triangular fuzzy number a, written as TFN(aq, a, as), is a fuzzy number with mem-
bership function

2:217 ay S X S a
pa(z) =9 2=%, a<z<a
0, others

The support of @ is an open interval (a1, as) whose a-cut is

aa:{ [(a —a1))a+a1,—(az —a)a+as] ,a€(0,1]
la1, as) ,a=20

Example 2.11. In the matriz below, the TFN(a1,a, as) will be written (a1, a,as).
Let

i (—=3,-2 —1) (4,5,6) (e,6,) ) (6,8, 10)
A= (3,4,5) (e,e,e) (=3, —2,0) |andb=| (9,10, 11)
(4, 5, 6) (7,8, 10) (6,7, 8) (12,14, 15)

We will determine the vector & that is the greatest fuzzy number subsolution of the
system A&z = b. Using a MATLAB computer program, we have the a-cut bounds
ofva‘i for =0.00, 0.05, ..., 0.95, 1, as in the Table 1. below. Then, we can determine
that I1, %o and Zs are the fuzzy numbers with the membership function are

L 2—6 r—2,2<x<3
[ — ’ - — — <
Hiy { 0, others 'H& 40 “ 3<otf1e;s4 ’

and
S 2-66<z<T
Has = 0, others ’

respectively. We can verify that Adx = Z), hence the greatest fuzzy number subso-
lution x is a fuzzy number solution of the system.
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TABLE 1. The a-cut bounds of &’s components

(0% @ @ i’g @ i’g
0.00 | 6.00 2.00 | 4.00 | 6.00| 7.00
0.05| 6.00| 6.00| 2.05| 3.95| 6.05| 7.00
0.10| 6.00 | 6.00 | 2.10 | 3.90 | 6.10 | 7.00
0.15| 6.00 | 6.00 | 2.15| 3.85 | 6.15| 7.00
0.20| 6.00| 6.00| 2.20| 3.80| 6.20| 7.00
0.25|6.00| 6.00| 2.25|3.75| 6.25| 7.00
0.50| 6.00| 6.00 | 2.30 | 3.70 | 6.30 | 7.00
0.35| 6.00| 6.00| 2.35| 3.65 | 6.35 | 7.00
0.40 | 6.00 | 6.00 | 2.40 | 3.60 | 6.40 | 7.00
0.45| 6.00| 6.00 | 2.45| 3.56 | 6.45| 7.00
0.50 | 6.00| 6.00| 2.50| 3.50| 6.50| 7.00
0.55| 6.00| 6.00| 2.55| 3.45| 6.56 | 7.00
0.60 | 6.00| 6.00 | 2.60 | 3.40| 6.60 | 7.00
0.65| 6.00| 6.00| 2.65| 3.35| 6.65| 7.00
0.70 | 6.00| 6.00 | 2.70 | 3.530| 6.70 | 7.00
0.7516.00| 6.00| 2.75| 3.25| 6.75 | 7.00
0.80| 6.00| 6.00| 2.80| 3.20| 6.80| 7.00
0.85|6.00| 6.00| 2.85| 3.15| 6.85| 7.00
0.90 | 6.00 | 6.00 | 2.90 | 3.10 | 6.90 | 7.00
0.95| 6.00| 6.00 | 2.95| 3.05| 6.95| 7.00
1.00| 6.00| 6.00| 3.00| 3.00| 7.00| 7.00

el
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