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• Mathematical Physics Section (/journal/mathematics/sectioneditors/mathematical_physics)

• Mathematics and Computer Science Section (/journal/mathematics/sectioneditors/mathematics_computers_science)

• Network Science Section (/journal/mathematics/sectioneditors/network_science)

• Probability and Statistics Section (/journal/mathematics/sectioneditors/probability_and_statistics_theory)

Please note that the order in which the Editors appear on this page is alphabetical, and follows the structure of the editorial board presented on the MDPI website under

information for editors: editorial board responsibilities (/editors#Editorial_Board_Responsibilities).

Members

Prof. Dr. Francisco Chiclana *

 ( https://recognition.webofsciencegroup.com/awards/highly-cited/2020/ ) Website (http://www.tech.dmu.ac.uk/~chiclana/)

Editor-in-Chief

School of Computer Science and Informatics, De Montfort University, The Gateway, Leicester LE1 9BH, UK

Interests: fuzzy decision making; fuzzy preference modeling; decision support systems; consensus; recommender systems; social networks; rationality/consistency; aggregation;

type-2 fuzzy logic; opinion dynamics; trust propagation

* Section: Fuzzy Sets, Systems and Decision Making

Special Issues, Collections and Topics in MDPI journals



Prof. Dr. Adolfo Ballester-Bolinches *

Website (https://www.researchgate.net/profile/Adolfo_Ballester-Bolinches)

Section Editor-in-Chief

Departament de Matemàtiques, Universitat de València, Dr. Moliner, 50, 46100 Burjassot, València, Spain

Interests: abstract group theory; finite groups; infinite groups; braces; Yang-Baxter equation; automata theory; formal language theory

* Section: Algebra, Geometry and Topology

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Michel Chipot *

Website (http://user.math.uzh.ch/chipot/)

Section Editor-in-Chief

Institut für Mathematik, Angewandte Mathematik, Winterthurerstrasse 190, CH-8057 Zürich, Switzerland

Interests: variational inequalities; nonlinear problems; elliptic equations and systems; parabolic equations; calculus of variations; applications; numerical analysis

* Section: Dynamical Systems

Prof. Dr. Manuel De León *

Website (http://shorturl.at/lrKTX)

Section Editor-in-Chief

Instituto de Ciencias Matemáticas (CSIC-UAM-UC3M-UCM), Calle Nicolás Cabrera, 13-15, Campus Cantoblanco, UAM, 28049 Madrid, Spain

Interests: differential geometry; geometric mechanics; mathematical physics

* Section: Mathematical Physics

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Antonio Di Crescenzo *

Website (https://docenti.unisa.it/005305/home)

Section Editor-in-Chief

Department of Mathematics, University of Salerno, I-84100 Salerno, Italy

Interests: stochastic processes; applied probability; probability theory; stochastic models

* Section: Probability and Statistics

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Massimiliano Ferrara *

Website (https://www.unirc.it/documentazione/curriculum/curriculum787.pdf)

Section Editor-in-Chief

1. Department of Law Economics and Human Sciences, University “Mediterranea” of Reggio Calabria, 89124 Reggio Calabria, Italy

2. The Invernizzi Centre for Research in Innovation, Organization, Strategy and Entrepreneurship (ICRIOS), Bocconi University, Via Sarfatti, 25, 20136 Milano, Italy

Interests: mathematical economics; dynamical systems; game theory; epidemics modeling

* Section: Financial Mathematics

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Paolo Mercorelli *

Website (https://www.leuphana.de/en/institutes/ppi/staff/paolo-mercorelli.html)

Section Editor-in-Chief

Institute for Production Technology and Systems (IPTS), Leuphana Universität Lüneburg, 21335 Lüneburg, Germany

Interests: control systems; mechatronics; actuators; engines control; signal processing; wavelets; Kalman filter; optimal energy control

* Section: Engineering Mathematics. Associate Editor

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Marjan Mernik *

 ( https://recognition.webofsciencegroup.com/awards/highly-cited/2020/ ) Website (https://lpm.feri.um.si/en/members/mernik/)

Section Editor-in-Chief

Faculty of Electrical Engineering and Computer Science, University of Maribor, Koroška cesta 46, 2000 Maribor, Slovenia

Interests: concepts and implementation of programming languages; formal language definition, attribute grammars; compiler generators; domain specific languages; grammar-

based systems; grammatical inference; meta-heuristics, single and multi-objective optimization

* Section: Mathematics and Computer Science

Special Issues, Collections and Topics in MDPI journals
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Prof. Dr. Daniele Mortari *

Website (http://mortari.tamu.edu/)

Section Editor-in-Chief

Department of Aerospace Engineering, Texas A&M University, 3141 TAMU, College Station, TX 77843-3141, USA

Interests: attitude and position determination systems; satellite constellations design; sensor data processing; algorithms and linear algebra

* Section: Functional Interpolation

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Matjaz Perc *

 ( https://recognition.webofsciencegroup.com/awards/highly-cited/2020/ ) Website (http://www.matjazperc.com/)

Section Editor-in-Chief

Faculty of Natural Sciences and Mathematics, University of Maribor, Koroška Cesta 160, 2000 Maribor, Slovenia

Interests: statistical physics; cooperation; complex systems; evolutionary game theory; network science

* Section: Network Science

Special Issues, Collections and Topics in MDPI journals



Prof. Dr. Sergei Petrovskii *

Website (https://le.ac.uk/people/sergei-petrovskii)

Section Editor-in-Chief

Department of Mathematics, University of Leicester, University Road Leicester, Leicester LE1 7RH, UK

Interests: mathematical ecology; theoretical ecology; biological invasions; spatial ecology; movement ecology

* Section: Mathematical Biology

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Juan Ramón Torregrosa Sánchez *

Website (http://damres.webs.upv.es)

Section Editor-in-Chief

Institute for Multidisciplinary Mathematics, Universitat Politècnica de València, 46022 València, Spain

Interests: iterative processes; matrix analysis; numerical analysis

* Section: Computational and Applied Mathematics

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Tadashi Dohi

Website (http://seeds.office.hiroshima-u.ac.jp/profile/en.4f7bb9c13738bd7f520e17560c007669.html)

Associate Editor

Graduate School of Engineering, Hiroshima University, Hiroshima, Japan

Interests: dependable computing; software reliability; performance evaluation; reliability analysis; operations research; maintenance model; stochastic model

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Yang-Hui He

Website (https://en.wikipedia.org/wiki/Yang-Hui_He)

Associate Editor

1. London Institute for Mathematical Sciences, Royal Institution, 21 Albemarle St., London W1S 4BS, UK

2. Merton College, University of Oxford, Oxford OX1 4JD, UK

Interests: AI-assisted mathematics; mathematical physics; string theory; algebraic geometry; number theory

Special Issues, Collections and Topics in MDPI journals

Dr. Ivanka Stamova

Website (https://sciences.utsa.edu/faculty/profiles/stamova-ivanka.html)

Associate Editor

Department of Mathematics, University of Texas at San Antonio, San Antonio, TX 78249, USA

Interests: nonlinear analysis; mathematical modeling; fractional order systems

Special Issues, Collections and Topics in MDPI journals

Prof. Dr. Theodore E. Simos

 ( https://recognition.webofsciencegroup.com/awards/highly-cited/2020/ ) Website (http://theodoresimos.org/)

Advisory Board Member

1. Laboratory of Applied Mathematics for Solving Interdisciplinary Problems of Energy Production, Ulyanovsk State Technical University, Severny Venetz Street 32, 432027

Ulyanovsk, Russia

2. Digital Industry REC, South Ural State University, 76, Lenin Avenue, 454080 Chelyabinsk, Russia

3. Section of Mathematics, Department of Civil Engineering, Democritus University of Thrace, 67100 Xanthi, Greece

Interests: numerical analysis; scientific computing; applied numerical analysis; computational chemistry; computational material sciences; computational physics; parallel

algorithm and expert systems

Special Issues, Collections and Topics in MDPI journals



Prof. Dr. James A. Yorke

Website (https://ipst.umd.edu/people/james-a-yorke)

Advisory Board Member

Department of Mathematics and Department of Physics, University of Maryland, College Park, MD 20742, USA

Interests: chaos theory; genome research; population dynamics; nonlinear dynamics

Prof. Dr. Ravi P. Agarwal

 ( https://recognition.webofsciencegroup.com/awards/highly-cited/2020/ ) Website1 (https://www.scirp.org/Journal/detailedInforofeditorialboard.aspx?

personid=8574) Website2 (https://cikd.ca/former_associations/ravi-p-agarwal/)

Editorial Board Member

Department of Mathematics, Texas A and M University-Kingsville, Kingsville, TX 78363, USA

Interests: boundary value problems; nonlinear analysis; differential and difference equations; fixed point theory; general inequalities

Special Issues, Collections and Topics in MDPI journals



Prof. Dr. Pietro Aiena

Website (https://www.researchgate.net/profile/Pietro-Aiena)

Editorial Board Member

Dipartimento d’Ingegneria, Università di Palermo, Viale delle Scienze, 90128 Palermo, Italy

Interests: functional analysis; operator theory; spectral theory
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Abstract Quantum computing advancements pose security challenges for cryptography. Specifically, Grover’s search algorithm affects the reduction in the search complexity

of symmetric-key encryption and hash functions. Recent efforts have been made to estimate the complexity of Grover’s search and evaluate post-quantum security. In this [...]
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Abstract Stock market manipulation, defined as any attempt to artificially influence stock prices, poses significant challenges by causing financial losses and eroding investor

trust. The prevalent reliance on supervised learning models for detecting such manipulations, while showing promise, faces notable hurdles due to the [...] Read more.
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Abstract We are investigating the existence of solutions to a system of two fractional -difference equations containing fractional -integral terms, subject to multi-point

boundary conditions that encompass -derivatives and fractional -derivatives of different orders. In our main results, we rely [...] Read more.
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Abstract In this paper, we investigate the Green measure for a class of non-Gaussian processes in . These measures are associated with the family of generalized grey

Brownian motions , , [...] Read more.
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Abstract Abstract: This paper works with functions defined in metric spaces and takes values in complete paranormed vector spaces or in Banach spaces, and proves some

necessary and sufficient conditions for weak convergence of probability measures [...] Full article (/2227-7390/12/9/1333)

(This article belongs to the Special Issue Functional Analysis and Mathematical Optimization ( /journal/mathematics/special_issues/2W4N957108 ))
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Abstract In recent decades, information security has become increasingly valued, including many aspects of privacy protection, copyright protection, and digital forensics.

Therefore, many data hiding schemes have been proposed and applied to various carriers such as text, images, audio, and videos. Vector Quantization (VQ) [...] Read more.

(This article belongs to the Special Issue Advances in Mathematical Cryptography and Information Security toward Industry 5.0 ( /journal/mathematics/
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Abstract Object detection plays a crucial role in autonomous driving assistance systems. It requires high accuracy for prediction, a small size for deployment on mobile

devices, and real-time inference speed to ensure safety. In this paper, we present a compact and efficient algorithm called [...] Read more.
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Abstract Cancer, with its complexity and numerous origins, continues to provide a huge challenge in medical research. Anticancer peptides are a potential treatment option,

but identifying and synthesizing them on a large scale requires accurate prediction algorithms. This study presents an intuitive classification strategy, [...] Read more.
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Abstract The Sturm–Liouville boundary value problem (SLBVP) stands as a fundamental cornerstone in the realm of mathematical analysis and physical modeling. Also

known as the Sturm–Liouville problem (SLP), this paper explores the intricacies of this classical problem, particularly the relationship between its canonical and [...] Read

more.

(This article belongs to the Special Issue Differential Equations with Boundary Value Problems: Theory and Applications ( /journal/mathematics/special_issues/
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Abstract List intersection plays a pivotal role in various domains such as search engines, database systems, and social networks. Efficient indexes and query strategies can

significantly enhance the efficiency of list intersection. Existing inverted index-based algorithms fail to utilize the length information of documents [...] Read more.
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Abstract Quaternions are a non-commutative associative number system that extends complex numbers, first described by Hamilton in 1843. We present algorithms for

solving the eigenvalue problem for arrowhead and DPRk (diagonal-plus-rank-k) matrices of quaternions. The algorithms use the Rayleigh Quotient Iteration with [...] Read

more.
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Abstract In this work, we propose a new three-dimensional constitutive equation related to a third-grade fluid. This proposal is based on experimental work for which the

viscosity term and the terms related to viscoelasticity may depend on the shear rate, in accordance with a [...] Read more.

(This article belongs to the Section Mathematical Physics (/journal/mathematics/sections/mathematical_physics))
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Abstract We investigate some subclasses of regular and bi-univalent functions in the open unit disk that are associated with Lucas-Balancing polynomials in this work. For

functions that belong to these subclasses, we obtain upper bounds on their initial coefficients. The Fekete–Szegö problem is also [...] Read more.
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Abstract In practical applications, the temporal completeness of knowledge graphs is of great importance. However, previous studies have mostly focused on static

knowledge graphs, generally neglecting the dynamic evolutionary properties of facts. Moreover, the unpredictable and limited availability of temporal knowledge graphs,
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Viewed by 281

Abstract Fault dynamometer cards are the basis of the diagnosis technique for sucker rod pumping systems. Predicting fault cards with a pumping condition model is an

economical and effective method. The usual model is described by a mixed function of the pump displacement and [...] Read more.

(This article belongs to the Special Issue Mathematical Modeling and Simulation in Mechanics and Dynamic Systems, 3rd Edition ( /journal/mathematics/

special_issues/Math_Model_Simul_Mech_Dyn_Syst_3 ))

Open Access Article
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Viewed by 206

Abstract In this study, we examine the wave equation with a nontrivial boundary condition. The main target of this study is to prove the local-in-time existence and the blow-up

in finite time of the energy solution. Through the construction of an auxiliary function and [...] Read more.

(This article belongs to the Special Issue Advances in Differential and Difference Equations and Their Applications ( /journal/mathematics/special_issues/

8597U1432T ))
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Viewed by 200

Abstract This study proposes an innovative meshless approach that merges the peridynamic differential operator (PDDO) with the generalized finite difference method

(GFDM). Based on the PDDO theory, this method introduces a new nonlocal differential operator that aims to reduce the pre-assumption required for the [...] Read more.

(This article belongs to the Special Issue Recent Advances in Numerical Methods for Scientific and Engineering Applications, 2nd Edition ( /journal/mathematics/

special_issues/Numer_Methods_Sci_Eng_Appl ))
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Viewed by 232

Abstract In recent years, with the rapid development of the Internet of Things, large-scale botnet attacks have occurred frequently and have become an important challenge

to network security. As artificial intelligence technology continues to evolve, intelligent detection solutions for botnets are constantly emerging. Although [...] Read more.

(This article belongs to the Special Issue Advanced Research on Information System Security and Privacy ( /journal/mathematics/special_issues/93YQ7N975L ))
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Abstract With the rapid increase in smart grid users and the increasing cost of user data transmission, proposing an encryption method that does not increase the

construction cost while increasing the user ceiling has become the focus of many scholars. At the same time, [...] Read more.

(This article belongs to the Topic Recent Advances in Security, Privacy, and Trust (/topics/ELY82W061L))
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Abstract This paper aimed to develop a method for generating sand–dust removal and dehazed images utilizing CycleGAN, facilitating object identification on roads under

adverse weather conditions such as heavy dust or haze, which severely impair visibility. Initially, the study addressed the scarcity of paired [...] Read more.

(This article belongs to the Special Issue New Advances and Applications in Image Processing and Computer Vision ( /journal/mathematics/special_issues/

F737IH6LF9 ))
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Viewed by 168

Abstract This paper presents a comprehensive study on fall recognition and forecasting for reconfigurable stair-accessing robots by leveraging deep learning techniques. The

proposed framework integrates machine learning algorithms and recurrent neural networks (RNNs), specifically Long Short-Term Memory (LSTM) and Bidirectional LSTM

(BiLSTM), for fall [...] Read more.

Open Access Article

A Few Similarity Measures on the Class of Trapezoidal-Valued Intuitionistic Fuzzy Numbers and Their Applications in Decision Analysis (/2227-7390/12/9/1311)
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Viewed by 143

Abstract Similarity measures on trapezoidal-valued intuitionistic fuzzy numbers (TrVIFNs) are functions that measure the closeness between two TrVIFNs, which has a lot of

applications in the area of pattern recognition, clustering, decision-making, etc. Researchers around the world are proposing various similarity measures on the [...] Read

more.

(This article belongs to the Special Issue Various Generalizations of Fuzzy Sets and Their Applications in Engineering and Management ( /journal/mathematics/

special_issues/Gen_Fuzzy_Sets ))
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Abstract This paper combines the concept of an arbitrary binary connection with the widely recognized principle of �-contraction to investigate the innovative features of

vector-valued metric spaces. This methodology demonstrates the existence of fixed points for both single- and multi-valued mappings within complete [...] Read more.
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Abstract In the realm of automated industry and smart production, the deployment of fault warning systems is crucial for ensuring equipment reliability and enhancing

operational efficiency. Although there are a multitude of existing methodologies for fault warning, the proficiency of these systems in processing [...] Read more.
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Abstract Missing data problems arise in randomized trials, which complicates the inference of causal effects if the missing mechanism is non-ignorable. We tackle the

challenge of identifying and estimating the complier average causal effect parameters under non-ignorable missingness by increasing the covariates to mitigate [...] Read

more.

(This article belongs to the Special Issue Advances in Statistical AI and Casual Inference ( /journal/mathematics/special_issues/statistical_AI_and_casual_inference

))

Open Access Feature Paper Article

Robust Design Optimization of Electric Machines with Isogeometric Analysis (/2227-7390/12/9/1299)

by Theodor Komann, Michael Wiesheu, Stefan Ulbrich and Sebastian Schöps

Mathematics 2024, 12(9), 1299; https://doi.org/10.3390/math12091299 (https://doi.org/10.3390/math12091299) - 25 Apr 2024

Viewed by 262

Abstract In electric machine design, efficient methods for the optimization of the geometry and associated parameters are essential. Nowadays, it is necessary to address the

uncertainty caused by manufacturing or material tolerances. This work presents a robust optimization strategy to address uncertainty in the [...] Read more.
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Abstract Trajectory planning plays a crucial role in achieving unmanned excavator operations. The quality of trajectory planning results heavily relies on the level of rules

extracted from objects such as scenes and optimization objectives, using traditional theoretical methods. To address this issue, this study [...] Read more.
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Abstract The advancement of an intelligent automobile sound switching system has the potential to elevate the market standing of automotive products, with the pivotal

prerequisite being the selection of automobile sounds based on the driver’s subjective perception. The subjective responses of diverse individuals to [...] Read more.
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Abstract For decades, wavelet theory has attracted interest in several fields in dealing with signals. Nowadays, it is acknowledged that it is not very suitable to face aspects of

multidimensional data like singularities and this has led to the development of other mathematical tools. [...] Read more.

(This article belongs to the Special Issue Artificial Intelligence for Biomedical Image Processing and Data Analysis ( /journal/mathematics/special_issues/

T635A6WNH6 ))
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Abstract Feynman diagrams represent one of the most powerful and fascinating tools developed in theoretical physics in the last century. Introduced within the framework of

quantum electrodynamics as a suitable method for computing the amplitude of a physical process, they rapidly became a fundamental [...] Read more.
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Abstract The early and accurate detection of Distributed Denial of Service (DDoS) attacks is a fundamental area of research to safeguard the integrity and functionality of

organizations’ digital ecosystems. Despite the growing importance of neural networks in recent years, the use of classical techniques [...] Read more.
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Abstract This study deals with a stochastic reaction–diffusion biofilm model under quorum sensing. Quorum sensing is a process of communication between cells that permits
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Abstract The economic operation of hydropower stations has the potential to increase water use efficiency. However, there are some challenges, such as the fixed and
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Abstract In this study, the portfolio optimization problem is explored, using a combination of classical and quantum computing techniques. The portfolio optimization problem
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Abstract Accurate traffic prediction is pivotal when constructing intelligent cities to enhance urban mobility and to efficiently manage traffic flows. Traditional deep learning-

based traffic prediction models primarily focus on capturing spatial and temporal dependencies, thus overlooking the existence of spatial and temporal heterogeneities.
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Abstract The perishable nature of vegetable commodities poses challenges for superstores, as reselling them is often unfeasible due to their short freshness period. Reliable

market demand analysis is crucial for boosting revenue. This study simplifies the pricing and replenishment decision-making process by making reasonable [...] Read more.
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Abstract Skewness and bimodality properties are frequently observed when analyzing environmental data such as wind speeds, precipitation levels, and ambient

temperatures. As an alternative to modeling data exhibiting these properties, we propose a flexible extension of the skew-logistic distribution. The proposal corresponds to a
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Abstract White light cystoscopy is the gold standard for the diagnosis of bladder cancer. Automatic and accurate tumor detection is essential to improve the surgical resection

of bladder cancer and reduce tumor recurrence. At present, Transformer-based medical image segmentation algorithms face challenges in restoring [...] Read more.

(This article belongs to the Special Issue New Advances and Applications in Image Processing and Computer Vision ( /journal/mathematics/special_issues/
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Abstract We consider a nonlinear Dirichlet problem driven by the (�(�), �)-Laplacian and with a logistic reaction of the equidiffusive type. Under a nonlinearity condition on a

quotient map, we show existence and uniqueness of positive solutions [...] Read more.
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Abstract In this article, we delve into the study of statistical solitons on submanifolds of Kenmotsu statistical manifolds, introducing the presence of concircular vector fields.

This investigation is further extended to study the behavior of almost quasi-Yamabe solitons on submanifolds with both concircular and [...] Read more.
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Abstract The conventional approach of the local convergence analysis of an iterative method on ℝ�, with m a natural number, depends on Taylor series expansion. This

technique often requires the calculation of high-order derivatives. However, those derivatives may not be part of [...] Read more.
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Abstract Currently, various light-emitting diode (LED) lighting systems are being developed because LEDs are one of the most used lighting sources for work environments,

buildings, homes, and public roads in terms of some of their applications. Similarly, they have low energy consumption, quick responses, [...] Read more.

(This article belongs to the Special Issue System Modeling, Control Theory, and Their Applications ( /journal/mathematics/special_issues/SJ09SBJD20 ))
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Abstract To address the cost and efficiency issues of manually analysing requirement dependency in requirements engineering, a requirement dependency extraction method
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Abstract: In this paper, we investigate the Green measure for a class of non-Gaussian processes in Rd.
These measures are associated with the family of generalized grey Brownian motions Bβ,α, 0 < β ≤ 1,
0 < α ≤ 2. This family includes both fractional Brownian motion, Brownian motion, and other
non-Gaussian processes. We show that the perpetual integral exists with probability 1 for dα > 2 and
1 < α ≤ 2. The Green measure then generalizes those measures of all these classes.

Keywords: fractional Brownian motion; generalized grey Brownian motion; green measure; subordination

MSC: 60G22; 65N80; 47A30

1. Introduction

In recent years, there has been a significant amount of research devoted to fractional
dynamics related to fractional Brownian motion and related processes. These processes
lack both the Markov and semimartingale properties from a mathematical standpoint.
As a result, many traditional approaches in stochastic analysis do not apply, making their
analysis more challenging. These processes are capable of modeling systems that exhibit
long-range self-interaction and memory effects.

In 1992, Schneider introduced the grey Brownian motion [1], a class of non-Gaussian
processes, to solve the time-fractional diffusion equation with a Caputo–Djrbashian deriva-
tive of fractional order. During the 1990s, Mainardi and their co-authors conducted a
systematic investigation into fractional differential equations; see [2] and the references
therein. They introduced the notion of generalized grey Brownian motion (ggBm for
short), and the corresponding time-fractional differential equations governing its densities.
This family of processes is denoted by Bβ,α with parameters 0 < β ≤ 1 and 0 < α ≤ 2.
If β ̸= 1, the process Bβ,α is non-Gaussian with stationary increments and α/2-self-similar;
see Section 2 for details. The process Bβ,α admits different representations (cf. (12) and
(13) below) in terms of other known processes, which are useful for simulation and to
derive other properties. In a recent work, Grothaus et al. [3] elaborated an infinite dimen-
sional analysis for (non-Gaussian) measures of the Mittag-Leffler type. They used ggBm to
solve the time-fractional heat equation, extending the fractional Feynman–Kac formula of
Schneider [1].

The goal of this paper (see Theorem 1 and Corollary 1 below) is to prove the existence
of the Green measure for the class of non-Gaussian processes ggBm in Rd. This result will
extend the results of Kondratiev et al. [4]. More precisely, for a Borel function f : Rd −→ R,
the potential of f (see [5,6] for details) is defined as

Vβ,α( f , x) =
∫ ∞

0
E
[

f (x + Bβ,α(t))
]

dt, x ∈ R
d. (1)
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We would like to investigate the class of functions f for which the potential of f has
the representation

Vβ,α( f , x) =
∫

Rd
f (y)Gβ,α(x, dy), (2)

where G(x, ·) := Gβ,α(x, ·) is a Radon measure on Rd called the Green measure correspond-
ing to the ggBm Bβ,α; see Definition 2 below. If Bβ,α admits a generator Lβ,α, then the
potential V(x, f ) can be obtained from the equation

−LV = f .

The Green measure can be seen as the fundamental solution for the generator Lβ,α of the
process Bβ,α. First, we establish the existence of the perpetual integral (cf. Theorem 1):

∫ ∞

0
f (x + Bβ,α(t))dt (3)

with probability one. This leads to an explicit representation of the Green measure for
ggBm, namely (cf. Corollary 1)

Gβ,α(x, dy) =
D

|x − y|d−2/α
dy, dα > 2, 1 < α ≤ 2,

where D is a constant that depends on β, α, and the dimension d; see (17) for the explicit
expression. Note that as dα > 2 and 1 < α ≤ 2, the Green measure Gβ,α(x, ·) exists for
d ≥ 2, since d > 2/α ∈ [1, 2). The Brownian case (α = 1) is covered only for d ≥ 3. We
emphasize that the existence of the Green measure for a given process X is not always
guaranteed. In addition, finding a proper space of functions f : Rd −→ R that guarantees
the existence of (1) is crucial. As an example, the d-dimensional Bm starting at x ∈ Rd has
a density given by pt(x, y) = (2πt)−d/2 exp

(

− |x − y|2/(2t)
)

, y ∈ Rd. It is not difficult
to see that

∫ ∞

0 pt(x, y)dt does not exist for d = 1, 2. Hence, the Green measure of Bm for
d = 1, 2 does not exist. On the other hand, for d ≥ 3, the Green measure of Bm on Rd exists
and is given by G(x, dy) = C(d)|x − y|2−d dy, where C(d) is a constant depending on the
dimension d; see [4] and the references therein for more details. In a two-dimensional
space, the Green measure of ggBm is determined by the parameter α that is related to the
roughness of the path. The Green measure of ggBm for d = 1 requires further analysis (for
Bm, see [7], Ch. 4), which we will postpone for a future paper.

This paper is organized as follows. In Section 2, we recall the definition and main
properties of ggBm that will be needed later. In Section 3, we show the existence of the
perpetual integral with probability one, which leads to the explicit formula for the Green
measure for ggBm. In Section 4, we discuss the obtained results, connect them with other
topics, and draw conclusions.

2. Generalized Grey Brownian Motion

We recall the class of non-Gaussian processes, called generalized grey Brownian mo-
tion, which we study below. This class of processes was first introduced by Schneider [8,9],
and was generalized by Mura et al. (see [10,11]) as a stochastic model for slow/fast anoma-
lous diffusion described by the time-fractional diffusion equation.

2.1. Definition and Properties

For 0 < β ≤ 1, the (entire) Mittag-Leffler function Eβ is defined by the Taylor series

Eβ(z) :=
∞

∑
n=0

zn

Γ(βn + 1)
, z ∈ C, (4)
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where
Γ(z) =

∫ ∞

0
tz−1e−t dt, z ∈ C, Re(z) ≥ 0

is the Euler gamma function.
The M-Wright function is a special case of the class of Wright functions Wλ,µ, λ > −1,

µ ∈ C, via

Mβ(z) := W−β,1−β(−z) =
∞

∑
n=0

(−z)n

n!Γ(−βn + 1 − β)
.

The special choice β = 1/2 yields the Gaussian density on [0, ∞):

M1/2(z) =
1√
π

exp
(

− z2

4

)

. (5)

The Mittag-Leffler function Eβ is the Laplace transform of the M-Wright function, that is,

Eβ(−s) =
∫ ∞

0
e−sτ Mβ(τ) dτ. (6)

The generalized moments of the density Mβ of order δ > −1 are finite and are given
(see [10]) by

∫ ∞

0
τδ Mβ(τ) dτ =

Γ(δ + 1)
Γ(βδ + 1)

. (7)

Definition 1. Let 0 < β ≤ 1 and 0 < α ≤ 2 be given. A d-dimensional continuous stochastic
process Bβ,α =

{

Bβ,α(t), t ≥ 0
}

, starting at 0 ∈ Rd and defined on a complete probability space

(Ω,F ,P), is a ggBm in Rd (see [11] for d = 1) if the following is satisfied:

1. P(Bβ,α(0) = 0) = 1, that is, Bβ,α starts at zero P-almost surely (P-a.s.).

2. Any collection
{

Bβ,α(t1), . . . , Bβ,α(tn)
}

with 0 ≤ t1 < t2 < · · · < tn < ∞ has a char-

acteristic function given, for any θ = (θ1, . . . , θn) ∈ (Rd)n with θk = (θk,1, . . . θk,d),
k = 1, . . . , n, by

E

[

exp

(

i
n

∑
k=1

(θk, Bβ,α(tk))Rd

)]

= Eβ

[

−1
2

d

∑
j=1

(θ.,j, γαθ.,j)Rn

]

, (8)

where E denotes the expectation with regard to P and

γα := γα,n :=
(

tα
k + tα

j − |tk − tj|α
)n

k,j=1.

3. The joint probability density function of
(

Bβ,α(t1), . . . , Bβ,α(tn)
)

is equal to

ρβ(θ, γα) =
(2π)−

nd
2

(detγα)d/2

∫ ∞

0
τ− nd

2 e−
1

2τ ∑
d
j=1(θ·,j ,γ

−1
α θ·,j)Rn Mβ(τ) dτ. (9)

The following are the most important key properties of ggBm:

(P1). For each t ≥ 0, the moments of any order of Bβ,α(t) are given by







E
[

|Bβ,α(t)|2n+1] = 0,

E
[

|Bβ,α(t)|2n
]

= (2n)!
2nΓ(βn+1) tαn.

(P2). The covariance function has the form

E
[(

Bβ,α(t), Bβ,α(s)
)]

=
d

2Γ(β + 1)

(

tα + sα − |t − s|α
)

, t, s ≥ 0. (10)
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(P3). For each t, s ≥ 0, the characteristic function of the increments is

E
[

ei(k,Bβ,α(t)−Bβ,α(s))
]

= Eβ

(

−|k|2
2

|t − s|α
)

, k ∈ R
d. (11)

(P4). The process Bβ,α is non-Gaussian and α/2-self-similar with stationary increments.
(P5). The ggBm is not a semimartingale. Furthermore, Bα,β cannot be of finite variation in

[0, 1] and, by the scaling and stationarity of the increment, on any interval in R+.
(P5). For n = 1, the density ρβ(x, t), x ∈ Rd, t > 0 is the fundamental solution of the

following fractional differential equation (see [12]):

D
2β
t ρβ(x, t) = ∆xρβ(x, t),

where ∆x is the d-dimensional Laplacian in x and D
2β
t is the Caputo–Dzherbashian

fractional derivative; see [13] for the definition and properties.

2.2. Representations of Generalized Grey Brownian Motion

The ggBm admits different representations in terms of well-known processes. It
follows from (8) that ggBm has an elliptical distribution; see Section 3 in [3]. On the other
hand, ggBm is also given as a product (see [10] for d = 1) of two processes, as follows:

{

Bβ,α(t), t ≥ 0
} L
=
{

√

YβBα/2(t), t ≥ 0
}

. (12)

Here, L
= means equality in law, the non-negative random variable Yβ has density Mβ, and

Bα/2 is a d-dimensional fBm with Hurst parameter α/2 and is independent of Yβ.
We give another representation of ggBm Bβ,α as a subordination of fBm (see Section 2.14

in [14] for d = 1) which is used below. For completeness, we give a short proof.

Proposition 1. The ggBm has the following representation:

{

Bβ,α(t), t ≥ 0
} L
=
{

Bα/2(tY1/α
β ), t ≥ 0

}

. (13)

Proof. We must show that both representations (12) and (13) have the same finite-dimensional
distribution. For every θ = (θ1, . . . , θn) ∈ (Rd)n, we have

E

[

exp

(

i
n

∑
k=1

(

θk, Bα/2(tkY1/α
β )

)

)]

=
∫ ∞

0
E

[

exp

(

i
n

∑
k=1

(

θk, Bα/2(tky1/α)
)

)]

Mβ(y)dy

=
∫ ∞

0
E

[

exp

(

i
n

∑
k=1

(

θk, y1/2Bα/2(tk)
)

)]

Mβ(y)dy

= E

[

exp

(

i
n

∑
k=1

(

θk, Y1/2
β Bα/2(tk)

)

)]

.

In the second equality, we use the α/2-self-similarity of fBm. This completes the proof.

3. The Green Measure for Generalized Grey Brownian Motion

In this section, we show the existence of the Green measure for ggBm; see (1) and
(2). Let us begin by discussing the existence of the Green measure for a general stochastic
process X.

Let X = {X(t), t ≥ 0} be a stochastic process in Rd starting from x ∈ Rd. If X(t),
t ≥ 0, has a probability distribution ρX(t)(x, ·), then Equation (1) becomes

VX(x, f ) =
∫ ∞

0

∫

Rd
f (y) ρX(t)(x, dy)dt. (14)
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Then, applying the Fubini theorem, the Green measure GX(x, ·) of X is given by

GX(x, dy) =
∫ ∞

0
ρX(t)(x, dy)dt,

assuming the existence of GX(x, ·) as a Radon measure on Rd. That is, for every bounded
Borel set B ∈ Bb(R

d) we have

GX(x, B) =
∫ ∞

0
ρX(t)(x, B)dt < ∞.

If the probability distribution ρX(t)(x, ·) is also absolutely continuous with respect to the
Lebesgue measure, say ρX(t)(x, dy) = ρt(x, y)dy, then the function

gX(x, y) :=
∫ ∞

0
ρt(x, y)dt, ∀y ∈ R

d, (15)

is called the Green function of the stochastic process X. Moreover, the Green measure in
this case is given by GX(x, dy) = gX(x, y)dy.

This leads us to the following definition of the Green measure of a stochastic process X.

Definition 2. Let X = {X(t), t ≥ 0} be a stochastic process on Rd starting from x ∈ Rd and
ρX(t)(x, ·) be the probability distribution of X(t), t ≥ 0. The Green measure of X is defined as a

Radon measure on Rd by

GX(x, B) :=
∫ ∞

0
ρX(t)(x, B)dt, B ∈ Bb(R

d),

or
∫

Rd
f (y)GX(x, dy) =

∫

Rd
f (y)

∫ ∞

0
ρX(t)(x, dy)dt, f ∈ C0(R

d)

whenever these integrals exist.

In other words, GX(x, B) is the expected length of time the process remains in B.
To state the main theorem that establishes the existence of the Green measure for

ggBm, first, we introduce a proper Banach space of functions f : Rd −→ R such that the
perpetual integral (3) is finite P-a.s. Without a loss of generality, we can assume that f ≥ 0
above. We define the space CL(Rd), of continuous real valued, on Rd by

CL(Rd) :=
{

f : Rd → R | f is continuous, bounded and f ∈ L1(Rd)
}

.

The space CL(Rd) becomes a Banach space with the norm

∥ f ∥CL := ∥ f ∥∞ + ∥ f ∥1, ∀ f ∈ CL(Rd),

where ∥ · ∥∞ denotes the sup-norm and ∥ · ∥1 is the norm in L1(Rd). The choice of CL(Rd)
allows us to show that the family of random variables (3) with f ∈ CL(Rd) have finite
expectations P-a.s.

Theorem 1. Let f ∈ CL(Rd) and x ∈ Rd be given and consider ggBm Bβ,α with dα > 2 and

1 < α ≤ 2. Then, the perpetual integral functional
∫ ∞

0 f (x + B(t))dt is finite P-a.s. and its
expectation equals

E

[

∫ ∞

0
f (x + Bβ,α(t))dt

]

= D
∫

Rd

f (x + y)

|y|d−2/α
dy, (16)

where

D = D(β, α, d) =
1
α

2−1/απ− d
2 Γ

(

d

2
− 1

α

)

Γ(1 − 1
α )

Γ(1 − β
α )

. (17)
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Proof. Given that x ∈ Rd and f ∈ CL(Rd) are non-negative, let ρβ(·, tα) denote the density
of Bβ,α(t), t ≥ 0, which is given by (see (9) with n = 1)

ρβ(y, tα) =
1

(2πtα)d/2

∫ ∞

0
τ−d/2e−

|y|2
2tατ Mβ(τ)dτ, y ∈ R

d.

First, we show equality (16). It follows from the above considerations that

E

[

∫ ∞

0
f (x + Bβ,α(t))dt

]

=
∫ ∞

0

∫

Rd
f (x + y)ρβ(y, tα)dy dt.

=
∫ ∞

0

∫

Rd
f (x + y)

1
(2πtα)d/2

∫ ∞

0
τ−d/2Mβ(τ)e

− |y|2
2tατ dτ dy dt.

Using Fubini’s Theorem, we first compute the t-integral and use the assumption dα > 2.
We obtain

∫ ∞

0

1
(2πtατ)d/2 e−

|y|2
2tατ dt = C(α, d)

τ− 1
α

|y|d−2/α
,

where

C(α, d) :=
1
α

2−1/απ− d
2 Γ

(

d

2
− 1

α

)

.

Next, we compute the τ-integral using (7) so that

∫ ∞

0
τ−1/α Mβ(τ)dτ =

Γ(1 − 1
α )

Γ(1 − β
α )

, α > 1.

Combining them gives the equality (16) where D = D(β, α, d) = C(α, d)
Γ(1− 1

α )

Γ(1− β
α )

.

Now, we show that the right-hand side of (16) is finite for every non-negative f ∈ CL(Rd).
To see this, we can use the local integrability of |y|d−2/α in y and obtain

∫

Rd

f (x + y)

|y|d−2/α
dy =

∫

{|y|≤1}
f (x + y)

|y|d−2/α
dy +

∫

{|y|>1}
f (x + y)

|y|d−2/α
dy

≤ C1∥ f ∥∞ + C2∥ f ∥1 ≤ C∥ f ∥CL.

Therefore, the integral in (16) is, in fact, well defined. In other words, the integral
∫ ∞

0 f
(

x +
Bβ,α(t)

)

dt exists with probability one. This completes the proof.

As a consequence of the above theorem, we immediately obtain the Green measure of
ggBm Bβ,α, that is, comparing (2) and (16).

Corollary 1. The Green measure of ggBm Bβ,α for dα > 2 is given by

Gβ,α(x, dy) =
D

|x − y|d−2/α
dy,

where D is given by (17).

Remark 1.

1. It is possible to show that, given f ̸= 0, the perpetual integral (3) is a non-constant random
variable. As a consequence, for f ≥ 0 the variance of the random variable (3) is strictly
positive. The proof uses the notion of conditional full support of ggBm. We do not provide a
detailed explanation of this result that closely follows the ideas of Theorem 2.2 in [4], to which
we address interested readers.
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2. Note also that the functional in (1),

Vβ,α(·, x) : CL(Rd) −→ R

is continuous. In fact, from the proof of Theorem 1, any f ∈ CL(Rd) yields

|Vβ,α( f , x)| ≤ K∥ f ∥CL,

where K is a constant depending on the parameters β, α, and d.

4. Discussion and Conclusions

We derived the Green measure for the class of stochastic processes called generalized
grey Brownian motion in Euclidean space Rd for d ≥ 2. This class includes, in particular,
fractional Brownian motion and other non-Gaussian processes. To address the case where
d = 1, a renormalization process is needed. However, this will be postponed to future
work. For β = α = 1 ggBm, B1,1 is nothing but a Brownian motion. In this case, the Green
measure exists for d ≥ 3. Green measures and Green functions are well known to be
intrinsically connected and applied to (stochastic partial) differential equations. In this
context, the Green measures discussed in this paper play the same role for space-time-
fractional derivatives. The presented method can be applied to other processes with
sufficient information on the density and existence of the integrals. If we consider a
Markov process X that admits a Green measure and T, a random time change given by an
inverse subordinator, then the Green measure of the subordinated process X(T(t)), t ≥ 0
exists only after renormalization. Mixing different types of processes, e.g., fBm and scaled
Bm, as described in [15], or Markovian and non-Markovian, as in [16], may lead us to a
renormalization procedure to guarantee the existence of the Green measure.

The relationship between the Green measure and the local time of the ggBm can be
described as follows. For any T > 0 and a continuous function f : Rd −→ R, the integral
functional

∫ T

0
f (Bβ,α(t))dt (18)

is well defined. For d = 1, the integral (18) with f ∈ L1(R) is represented as

∫ T

0
f (Bβ,α(t))dt =

∫

R

f (x)Lβ,α(T, x)dx,

where Lβ,α(T, x) is the local time of ggBm up to time T at the point x (see [3]). The Green
measure corresponds to the asymptotic behaviour in T of the expectation of local time
Lβ,α(T, x). The existence of this asymptotic depends on the dimension d and the transient
or recurrent properties in the process.
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