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Abstract

Neutrino masses arise via a seesaw mechanism and its mass hierarchy, with assumption that heavy

Majorana neutrino mass matrix subject to µ − τ symmetry and invariant under a cyclic permutation,

are evaluated. Within this scenario, the neutrino masses: |m1| = |m2| < |m3| are obtained, which are

incompatible with the experimental data. By modifying neutrino mass matrix with the zero sum rule

condition, the neutrino masses in inverted hierarchy: |m3| < |m1| < |m2| are obtained.
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1 Introduction

In the Standard Model of Electroweak interaction, it is impossible to understand the deficit of solar neu-
trino flux as measured in Earth. For more than two decades solar neutrino flux measured on Earth has
been much less than solar standard model prediction.[1] But, by using quantum mechanics concept, solar
neutrino deficit can be explained if neutrino undergoes oscillation and mixing does exist in neutrino sector.
Neutrino oscillation implies that neutrinos have a non-zero mass. Recently, there is a convincing evidence
that neutrinos have a non-zero mass. This evidence is based on the experimental facts that both solar and
atmospheric neutrinos undergo oscillations.[2, 3]

A global analysis of neutrino oscillations data gives the best fit value to solar neutrino squared-mass
differences[4]:

∆m2
21 = (8.2+0.3

−0.3)× 10−5 eV2 (1)

with
tan2 θ21 = 0.39+0.05

−0.04, (2)

and for the atmospheric neutrino squared-mass differences

∆m2
32 = (2.2+0.6

−0.4)× 10−3 eV2 (3)

with
tan2 θ32 = 1.0+0.35

−0.26, (4)

where ∆m2
ij = m2

i −m2
j (i, j = 1, 2, 3) with mi are the neutrino mass eigenstates basis νi (i = 1, 2, 3) and

θij is the mixing angle between νi and νj . The mass eigenstates are related to the weak (flavors) eigenstates
basis (νe, νµ, ντ ) as follows





νe
νµ
ντ



 = V





ν1
ν2
ν3



 (5)
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where V is the mixing matrix. The elements of the mixing matrix V can be parameterized as[5, 6],

V =





c12c13 s12c13 z∗

−s12c23 − c12z c12c23 − s12s23z s23c13
s12s23 − c12c23z −c12s23 − s12c23z c23c13



, (6)

where cij and sij stand for cos θij and sin θij respectively, and z = s13e
iϕ.

In order to accommodate a non-zero neutrino mass-squared differences and the neutrino mixing, several
models of neutrino mass together with neutrino mass generation have been proposed.[7] One of the most
interesting mechanism which can generate a small neutrino mass is the seesaw mechanism, in which the
right-handed neutrino νR has a large Majorana mass MN and the left-handed neutrino νL obtain a mass
through leakage of the order of (m/MN ) with m the Dirac mass.[3]

According to seesaw mechanism[8], the neutrino mass matrix Mν is given by

Mν ≈ −MDM−1

N MT
D (7)

where MD and MN are the Dirac and Majorana mass matrices respectively. The mass matrix model of a
massive Majorana neutrino MN constrained by the solar and atmospheric neutrinos deficit and incorporate
the seesaw mechanism and Peccei-Quinn symmetry have been reported by Fukuyama and Nishiura.[9] It
has been a guiding principle that a presence of hierarchies or of tiny quantities imply a certain protection
symmetry in undelying physics. Candidates of such symmetry in neutrino physics may include U(1)L′

based on the conservation of Le − Lµ − Lτ = L′ and a µ − τ symmetry based on the invariance of flavor
neutrino mass term underlying the interchange of νµ and ντ . As we have already knew that the maximal
mixing in atmospheric neutrino oscillation, as well as vanishing of the Ue3, are consecquencies of a µ − τ
symmetry.[10, 11] It is also pointed out by Ma[13] that it is more sense to consider the structure of MN for
its imprint on Mν .

In order to consider the structure of the MN for its imprint on Mν , in this paper we construct a neutrino
mass matrices via a seesaw mechanism. We assumme that the heavy Majorana neutrino mass matrix MN

subject to µ − τ symmetry and invariant under a cyclyc permutation. This paper is organized as follows:
In Section 2, we determine the possible patterns for the heavy neutrino mass matrices MN subject to
µ − τ symmetry and invariant under a cyclic permutation. The MN matrix which invariant under a cyclic
permutation is used for obtaining the neutrino mass matrix Mν via a seesaw mechanism. In Section 3, we
compare our neutrino mass matrix to the well-known neutrino mass matrices in literatures which known in
agreement qualitatively with experimental data. Finally, in Section 4 is devoted to a conclusion.

2 The µ− τ Symmetry and Invariant Under a Cyclic Permutation

As we have explained in Section 1 that the aim of this paper is want to study the phenomenological con-
secquencies of neutrino mass matrix arise via a seesaw mechanism by imposing the requirement that the
Majorana mass matrices subject to a µ− τ symmetry and invariant under a cyclic permutation. Thus, we
first define the heavy Majorana neutrino mass matrix in Eq. (7) which can be parameterized by

MN =





A B C
B D E
C E F



 =





M11 M12 M13

M12 M22 M23

M13 M23 M33



. (8)

Now, we are in position to impose the µ− τ symmetry (also called 2− 3 symmetry) into heavy Majorana
neutrino mass matrix in Eq. (8). The 2− 3 symmetry is based on the invariance of the neutrino mass terms
in the Lagrangian under the interchange of 2 ↔ 3 or 2 ↔ −2. By imposing the 2− 3 symmetry into Eq. (8),
we then have the heavy Majorana neutrino mass matrix in form

MN =





A B B
B D E
B E D



, (9)
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for the interchange of 2 ↔ 3, and

MN =





A B −B
B D E
−B E D



, (10)

for the interchange of 2 ↔ −3.
In order to obtain the MN that invariant under a cyclic permutation among neutrino fields: ν1 → ν2 →

ν3 → ν1, first we define
ν′i = Uijνj , (11)

where Uij are the matrix elements of a cyclic permutation matrix U . Within the Eq. (11), the MN satisfy

M ′

N = UTMNU. (12)

If MN matrix is invariant under a cyclic permutation, then the pattern of the M ′

N is the same with the MN

pattern.
By checking the invariant forms of the MN matrices in Eqs. (9) and (10) together with the requirement

that the MN are not singular matrices such that the MN has a M−1

N , we found that there is no MN matrix
invariant in form under a cycylic permutation. But, by putting A = D 6= 0, B = E 6= 0 (case 1), A = D 6= 0,
B = E = 0 (case 2), and A = D = 0, B = E 6= 0 (case 3) into Eq. (9), then we can have the MN matrices
to be invariant under a cyclic permutation. For the MN matrix in Eq. (10), only the case 2 will give the
neutrino mass matrix to be invariant under a cyclic permutation. Thus, we can have three patterns of heavy
Majorana neutrino mass matrix MN subject to µ − τ symmetry and invariant under a cyclic permutation
with the patterns

MN =





A B B
B A B
B B A



, MN =





A 0 0
0 A 0
0 0 A



, MN =





0 B B
B 0 B
B B 0



. (13)

From Eq. (13), we can see that the first matrix is the general mass matrix for heavy Majorana neutrino.
The second and the third mass matrices can be obtained from the first matrix by putting B = 0 and A = 0
respectively. Thus, for further discussion, we only use the general heavy Majorana neutrino mass matrix
pattern in Eq. (13).

The general heavy Majorana neutrino mass matrix can also be obtained from non-Abelian discrete group
∆(27) symmetry as noticed by Ma2. The non-Abelian discrete group ∆(27) has 27 elements divided into 11
equivalence class. It has 9 irreducible representation 1i (i = 1, ..., 9) and 2 three dimensional ones 3 and 3̄
with group multiplication[12]

3⊗ 3̄ =
9

∑

i=1

1i, (14)

3⊗ 3 = 3̄+ 3̄+ 3̄, (15)

3̄⊗ 3̄ = 3+ 3+ 3. (16)

Let the lepton doublets (νi, li) transform as 3 under ∆(27) and the lepton singlet lci as 3̄, then with
three Higgs doublets transforming as 11,12,13, the charged lepton and the Dirac neutrino mass matrix are
diagonal and has three independent masses. At the same time, with three Higgs triplets transforming as 3,
the general form of heavy Majorana neutrino mass matrix in Eq. (13) is obtained when vacuum expectation
values of three Higgs triplets are (1,1,1).

3 Neutrino Mass matrix via a Seesaw Mechanism

To obtain a neutrino mass matrices Mν , we use the type-I seesaw mechanism in Eq. (7). As we have shown
in Section 2, the general heavy Majorana neutrino mass matrix MN and the Dirac neutrino mass matrix

2Private discussion during the CTP International Conference on Neutrino Physics in the LHC Era, Luxor, Egypt, 15-10

November 2009.
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MD which are constructed by putting the neutrino mass matrices subject to µ− τ symmetry and invariant
under a cyclic permutation can also be obtained by using a non-Abelian discrete group ∆(27) symmetry.
The heavy Majorana and Dirac neutrino mass matrices to be used in the type-I seesaw mechanism are as
following:

MN =





A B B
B A B
B B A



, (17)

MD =





mD
1 0 0
0 mD

2 0
0 0 mD

3



. (18)

By inserting neutrino mass matrices in Eqs. (17) and (18) into Eq. (7), we then have

Mν =
−1

A2 +AB − 2B2





(A+B)(mD
1 )2 −BmD

1 m
D
2 −BmD

1 mD
3

−BmD
1 mD

2 (A+B)(mD
2 )2 −BmD

2 mD
3

−BmD
1 mD

3 −BmD
2 m

D
3 (A+B)(mD

3 )2



, (19)

The pattern of neutrino mass matrix in Eq. (19) has been proposed by Ma[14] and it compatible with
the experimental results on neutrino oscillations. Mohapatra and Rodejohann have also obtained the same
pattern by using the strong scaling ansatz (SSA) concept.[15] The same pattern of the Mν in Eq. (19) have
also been obtained via a seesaw mechanism with heavy Majorana mass matrix subject to texture zero and
invariant under a cyclic permutation as shown in Ref.[16]. If we impose the µ− τ symmetry into Eq. (19),
then we have mD

2 = mD
3 . Putting −(A+B)(mD

1 )2/(A2+AB− 2B2) = P , BmD
1 mD

2 /(A2+AB− 2B2) = Q,
−(A + B)(mD

2 )2/(A2 + AB − 2B2) = R, and BmD
2 mD

3 /(A2 + AB − 2B2) = S, we then have the neutrino
mass matrix in form

Mν =





P Q Q
Q R S
Q S R



, (20)

which have been proposed in Ref.[13]. The neutrino mass matrix of Eq. (20) gives three eigenvalues, namely

m1,2 =
1

2

(

P + R+ S ∓
√

P 2 − 2RP − 2PS +R2 + 2RS + S2 + 8Q2

)

,

m3 = −S + R. (21)

If the Mν matrix in Eq. (20) is diagonalized by V in Eq. (5) or Eq. (6) with V is given by[13]

V =





cos θ − sin θ 0
sin θ/

√
2 cos θ/

√
2 −1/

√
2

sin θ/
√
2 cos θ/

√
2 1/

√
2



, (22)

then we obtain,

tan 2θ =
4
√
2Q

P −R− S
. (23)

If we use the experimental data in Eqs. (1) and (2) and put θ12 = θ , then the neutrino mass matrix
gives the neutrino masses in hierarchy: |m1| = |m2| < |m3|. To accommodate the experimental data which
show that |m1| 6= |m2|, therefore we use the zero sum rule condition: m1 +m2 +m3 = 0 as an additional
constraint on resulted neutrino mass matrix. In this scheme, neutrino mass matrix still obey µ−τ symmetry
as well.
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Using the zero sum rule condition, we then have P = −2R and the neutrino mass matrix of Eq. (20)
takes the form

Mν =





−2R Q Q
Q R S
Q S R



. (24)

The neutrino mass matrix in Eq. (24) has the eigenvalues

m1,2 =
1

2

[

S −R∓ (3R+ S)
√

1 + 4 tan2 2θ12

]

,

m3 = R− S. (25)

From Eq. (25), we can have the neutrino masses in inverted hierarchy: |m3| < |m1| < |m2| for S > R.

4 Conclusion

Neutrino mass matrix Mν have been constructed via a seesaw mechanism with heavy Majorana neutrino
mass matix subjects to a µ − τ symmetry and invariant under a cyclic permutation. In this scenario, the
obtained neutrino mass matrix Mν gives neutrino masses: |m1| = |m2| < |m3| which is incompatible with
the experimental data. Modifying the obtained neutrino mass matrix by zero sum rule condition, neutrino
masses in inverted hierarchy: |m3| < |m1| < |m2| are obtained whose can predict squared-mass difference
qualitatively.
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