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Axioms, Volume 13, Issue 12 (December
2024) — 78 articles

Cover Story (view full-size image (/files/uploaded/covers/axioms/big_cover-
axioms-v13-i12.png)): We consider semiprime universal algebras whose term
condition commutators are commutative and distributive with respect to arbitrary
joins and satisfy certain conditions on compact congruences, particularly
semiprime members of semidegenerate congruence-modular varieties, and their
prime congruences with respect to the commutator. We obtain algebraic
characterizations for minimal prime congruences and study the Stone (spectral)

ey and the at (inverse) topologies on the minimal prime spectra of such algebras. We
(https:// investigate these topologies in relation to extensions of such algebras that
www.mcjpi.comQO?S-generalize certain types of ring extensions: m-extensions, rigid, quasirigid and
1680/13/12/824) weak rigid extensions, r-extensions and quasi/weak r-extensions, as well as r*-
extensions and quasi/weak r*-extensions. View this paper (https://
www.mdpi.com/2075-1680/13/12/824)

Congruence Extensions in
Congruence-Modular Varieties

Vohma 3.t 12 vt 2024
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e Issues are regarded as officially published after their release is announced to the table of contents
alert mailing_list (/journal/axioms/toc-alert).

e You may sign up for e-mail alerts (/journal/axioms/toc-alert) to receive table of contents of newly
released issues.

¢ PDF is the official format for papers published in both, html and pdf forms. To view the papers in pdf
format, click on the "PDF Full-text" link, and use the free Adobe Reader (http://www.adobe.com/) to
open them.
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by Prathima Jayarama, Dongkyu Lim, Arjun K. Rathie and Adem Kilicman

Axioms 2024, 13(12), 887; https://doi.org/10.3390/axioms13120887 (https://doi.org/10.3390/
axioms13120887) - 23 Dec 2024

Viewed by 408

Abstract In 2012, Chu investigated the generalization of classical Watson—Whipple—Dixon
summation theorems in the form of analytical formulas. By employing four generalized Watson
summation formulas, the objective of this paper is to evaluate a new class of several Eulerian-type
integrals (single and double) and [...] Read more.

(This article belongs to the Special Issue Advances in Generalized Hypergeometric Functions,
Integral Transforms and Number Theory (/journal/axioms/special_issues/87MIOC9S78 ))

Open Access Article 19 pages, 10209 KiB  _(/2075-1680/13/12/886/pdf?version=1735119334)

Exploring Stochastic Heat Equations: A Numerical Analysis with Fast Discrete Fourier
Transform Techniques (/2075-1680/13/12/886)

by Ahmed G. Khattab, Mourad S. Semary, Doaa A. Hammad and Aisha F. Fareed

Axioms 2024, 13(12), 886; https://doi.org/10.3390/axioms13120886 (https://doi.org/10.3390/
axioms13120886) - 21 Dec 2024

Viewed by 448

Abstract This paper presents an innovative numerical technique for specific classes of stochastic
heat equations. Our approach uniquely combines a sixth-order compact finite difference algorithm
with fast discrete Fourier transforms. While traditional discrete sine transforms are effective for
approximating second-order derivatives, they are inadequate [...] Read more.

(This article belongs to the Special Issue Research on Stochastic Analysis and Applied Statistics
(/journal/axioms/special_issues/4Y3HXY252M ))
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Abstract This paper provides a study on optimal prediction problems in a linear model and its
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Abstract We propose a novel approach to fractals by leveraging the approximation of fixed points,
emphasizing the deep connections between fractal theory and fixed-point theory. We include a
condition of isomorphism, which not only generates traditional fractals but also introduces the concept
of generating [...] Read more.
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Abstract This paper proposes a novel sine step size for warm-restart stochastic gradient descent
(SGD). For the SGD based on the new proposed step size, we establish convergence rates for
smooth non-convex functions with and without the Polyak—t.ojasiewicz (PL) condition. To assess the
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tract The efficiency and quality of the manufacturing industry are greatly influenced by p%dcr=ction
scheduling, which makes it a crucial aspect. A well-designed production scheduling scheme can
significantly enhance manufacturing efficiency and reduce enterprise costs. This paper presents a
tailored optimization model designed to [...] Read more.
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Abstract The study of the Hankel determinant generated by the Maclaurin series of holomorphic
functions belonging to particular classes of normalized univalent functions is one of the most
significant problems in geometric function theory. Our goal in this study is first to define a [...] Read

more.
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Computational Study on Flow Characteristics of Shocked Light Backward-Triangular Bubbles
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Abstract This study computationally examined the Richtmyer—Meshkov instability (RMI) evolution in
a helium backward-triangular bubble immersed in monatomic argon, diatomic nitrogen, and
éatomic methane under planar shock wave interactions. Using high-fidelity numerical simulations

d on the compressible Navier—Fourier equations based on the Boltzmann—Curtiss kinetic [...]
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Abstract We study the characteristics of affine vector fields on pseudo-Riemannian manifolds and
provide tensorial formulas that characterize these vector fields. Using our approach, we present a
straightforward proof that any affine vector field on a compact Riemannian manifold is a Killing vector

< field. [...] Read more. >
(This article belongs to the Special Issue Advances in Differential Geometry and Mathematical
Physics (/journal/axioms/special_issues/0Y0GIZ99I1))
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Abstract In this paper, we study the existence and uniqueness of second-order impulsive delay
differential systems. Firstly, we define cosine-type and sine-type delay matrix functions, which are
used to derive the solutions of the impulsive delay differential systems. Secondly, based on the
Schauder and [...] Read more.
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Abstract In this article, we present a novel B-Polynomial Approach for approximating solutions to
partial differential equations (PDEs), addressing the multiple initial conditions. Our method stands out
by utilizing two-dimensional Bernstein polynomials (B-polynomials) in conjunction with their
operational matrices to effectively manage the complexity [...] Read more.
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Abstract The encapsulation of particular quality functions and predicates within temporal logic
formulas markedly enhances the representation of detailed temporal characteristics within a system.
During our preliminary investigations, we innovatively combined quality constraint functions and
predicates with Possibility Linear Temporal Logic (PoLTL), yielding the [...] Read more.
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stract In this paper, we search for some approaches for generating (1+1)-dimensional, (2+1)-
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Abstract An even ring system G is a simple 2-connected plane graph with all interior vertices of
degree 3, all exterior vertices of either degree 2 or 3, and all finite faces of an even length. G is
angularly connected if all of the [...] Read more.
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Abstract In this study, the connection between certain subfamilies of harmonic univalent functions is
established by utilizing a convolution operator involving the Mittag—Leffler function. The investigation
reveals inclusion relations concerning harmonic y-uniformly starlike mappings in the open unit disc,
harmonic starlike functions and [...] Read more.
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Abstract Closeness is a measure that quantifies how quickly information can spread from a given
node to all other nodes in the network, reflecting the efficiency of communication within the network
by indicating how close a node is to all other nodes. For a [...] Read more.
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Abstract: The Aharonov-Bohm effect can be described as a phase difference in interfering charged par-
ticles that travel through two distinct pathways oppositely surrounding a perpendicularly-positioned
solenoid. The magnetic field emanates from the solenoid but does not intersect the pathways. On the
other hand, the Kuramoto model can be used to identify the synchronization conditions that lead to a
particular phase difference by treating the phases as coupled oscillators. Starting with the overall
wave function expression for the electron in an Aharonov-Bohm potential, we derive a version of
the Kuramoto model describing the phase dynamics of the bound state of the quantum mechanical
system. We show that the resulting synchronization condition of the model coincides with the
allowable values of the flux parameter for our case to achieve an Aharonov—Bohm effect.

Keywords: Aharonov-Bohm effect; Kuramoto model; bound states quantum systems

MSC: 34C15; 35Q40; 81Q70; 81U05

1. Introduction and Motivation

The Aharonov-Bohm (AB) effect [1], which is an interference phenomenon, continues
to exhibit quantum mechanical features that have not yet been fully understood, e.g., the
anomalous AB interference in a quantum Hall Fabry—Pérot interferometer as observed
in Ref. [2], the time-dependent AB effect and the absence of its apparent experimental
evidence (as also mentioned in a recent study Ref. [3]), the topological nature of the AB
effect (see, e.g., a recent study that challenges its conventional concept in Ref. [4]). On the
other hand, the Kuramoto model (KM) [5] has been applied to many branches of science
(see review papers, e.g., Refs. [6-8]) but scarcely to quantum mechanics. For quantum
applications of the KM, see the examples given in Refs. [9-12]. Describing the AB effect
from the KM’s perspective is, therefore, of interest and not considered elsewhere.

Synchronizations in quantum systems have recently been studied based on either
having a classical analog (see, e.g., Refs. [13,14]) or none at all, e.g., Ref. [15]. Furthermore,
synchronizations of interfering particles, such as between photons (see, e.g., Ref. [16]) and
between electrons (see, e.g., Ref. [17]) have also been considered. Since the synchronization
condition is a main characteristic of the KM, it is, therefore, of particular interest to use
the model to study the synchronization conditions of the bound state AB effect and their
relationship with the interference occurring within the quantum system. Alongside the
synchronization conditions, we are also interested in determining the extent of the magnetic
field region near the interference line of the AB effect.

Axioms 2024, 13, 828. https:/ /doi.org/10.3390/axioms13120828
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In this letter, beginning with the general case of the AB effect [1], we consider its
simplest case, the bound state, by constraining the path taken by the electron to that of
a circle with constant radius, e.g., Refs. [18-20]. Then, with its known interference phase
difference and wave functions (see, e.g., Ref. [1]), we propose a version of the KM and
study the phase dynamics of the system.

2. A Kuramoto Model for the System
Begin with a KM model of the form [5]

_ do; K&
0; = (Ttl =wi+ N]; sin(0j — i), @

where 0; = 0;(t) is the phase of the phase oscillator i (withi =1,2,...,N) as a function of
time ¢ > 0, w; its angular frequency, K a uniform coupling strength coefficient and N the
total number of phase oscillators.

Consider now a two-electron system, with each electron initially in the angular position
6y := 6(0) = 0 moving along a circular path of constant radius R, one in the upper
semicircle and the other in the lower semicircle; see Figure 1. The two paths, namely, Path 1
and Path 2, form a circular ring except at the endpoint 6(t) = 7.

ccw (Path 1)

\ ,\ cw (Path 2) %giggc(leg
4

~ 4 (two of such)

Figure 1. A top-view illustration of the paths taken by a spinning electron around the solenoid from
which the magnetic flux “inducing” Aharonov-Bohm effect came.

In the center of the ring, there is an AB effect source, a magnetically impenetrable
solenoid of radius Ry oriented perpendicular to the semicircular paths and generating a
magnetic field of flux ¢. The resulting magnetic field lines emerge from the top, flow down
the sides of the solenoid beyond the trajectories, and return through the bottom. Since this
magnetic field does not intersect the paths of the electrons, the paths (of radius R > Ry)
of the electrons are in a region where the magnetic field is excluded. Consequently, there
is a phase shift between the electron trajectories at their mutual endpoint, specifically at
0(t) = m.

In the general case where the “detecting” particles (i.e., the charged particles moving
along the semicircular paths that will sense the AB effect) have charge le, | € Z \ {0}, the
phase difference between Path 1 and Path 2 when they interfere at 6(t) = 7, is [1,18]

S1—S le
o — 0 = 2L 22 7 2 =2na, o= Zn(;z)c;

)

where S; represents the action of the classical Path i, 7 the reduced Planck’s constant,
and c the speed of light in vacuum. In Equation (2), it is observed that the interference
depends on the phase difference by a factor of 27r. This specifically entails that, when
the parameter « (called the flux parameter) is shifted by an integer value, the interference
phenomenon remains completely “unaffected”. Thus, « only takes specific discrete values of
¢ = (¢po/n), n € Z\ {0}, where ¢ := 27thc/e (known as the quantum of flux or London’s
unit) and ne is the charge used by the “source” of the magnetic flux in the solenoid, e.g.,
Refs. [1,18]. In particular, with « = [/n, the AB effect is detectable only for {I/n}, where
{ - } represents the fractional part of the number. In our case, where I = —1, the AB effect is
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detectable whenever |n| # 1. We can find a detailed theoretical description in Refs. [1,18]
and some supporting experiments in the works [21,22].
Hence, with N = 2, i.e, for Paths 1 and 2 in Figure 1, Equation (1) gives

K
0 = w1+ E Sil‘l(U’z — 0'1), (3)
and
. K .
0 = wy — 7 sin(op — 0y). 4)

This study aims to determine w;, wy, and K. To do so, we make the following
assumptions:

1. The probability for an electron to take either of the two paths is the same;
2. The two electrons simultaneously start at 61(tg) = 6,(tp) = 0, one then proceeds
towards the end of the semicircular track through Path 1 and the other through Path 2;
3. The electrons travel the same amount of angular displacement 6 := 6(t) (differing
only in the sign of 6), at the time interval t — ¢y = t, thus enabling them to interfere as
6(t)| — 7.
Now, in quantum mechanics, the wave function ¢ (t) for the (bound state) Aharonov—
Bohm effect can be expressed in terms of S; and S; as [1]

p(t) =yl (t)e” /WS 4 yf(t)e (/M52 5)

where ¢ denotes the wave function for the free particle moving along path i. Furthermore,
since this system also undergoes a scattering process [1], then 1 can further be expressed in
terms of the incident wave function i and the scattered wave function {scatt as [1]

l/J(t) = lPinc(t) + lpscatt(t)/ (6)
where, for |0] < m < |0(t)| < 7T, Vt >0,

l[)mc(t) = e*i(lxe(l‘)JrRk cos(6(t)))

, (7)

and
sin(7ta) —i( %0 Rk

_ )
Pucan (1) V2miRk cos(0(t)/2) ( ' ®

with k € R being the magnitude of the wave vector of the incident electron.
Let

Pinc(t) = A(H)e 1o @inc()ds, o

and L
Pcatt(t) = B(t)e Towsats)ds - A(4) B(t) € R, (10)

where wine := Winc(f) and Wscatt := Wscatt(t) are a form of phase frequency (i.e., having the
dimensions of phase divided by time) for the incident and the scattered waves, respectively.
Then, upon inspecting Equations (2)—(10), we propose that wi and w, can be obtained as
having the same expression but different in the sign of 8 due to Path 1 (ccw) and Path 2
(cw), namely, w1 = winc for 0 < 6 < 7t (let w;rrw = wq), and wy = wWipe for —r < 0 < 0 (let

Wipe = wy). Therefore,

/Ot Winc(s) ds = a0(t) + Rk cos(8(t)),

which follows
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wine(t) = %(:xé(t)—l—chos(G(t)))
= (a— Rksin(6(t)))6(t). (11)

We now want to establish the connection between K/2 and wgcatt. We first observe
that, unlike w;, the second term on the rhs of Equation (1) (containing K) is typically the
fluctuating part (i.e., phase-oscillating) of the model. Similarly, the second term on the
rhs of Equation (6) (containing wscatt cf. Equation (10)) is a varying term, which depends,
for example, on the type of intercept boundary causing the scattering (in contrast to winc).
Also, we are aiming to obtain the synchronization conditions (which is related to K/2) of
the interference (which is related to wscatt). Together with the fact that the phase difference
experienced by the incident electrons can be observed at the interference, we consequently
link K/2 and wscatt. In other words, looking at the rhs of Equation (6), we link w; to the
argument of Pinc(f) and K/2 to that of Pscart(t). This entails saying that

K 1 oy d () T\ 0t
5= EK(G(t),G(t)) =% <2 — Rk+ 4> = (12)
In particular, from Equations (8) and (10), it follows that
t
%t) ~Rk+ 7 = i/ Wsca(s) ds + 2k7t, k € Z, (13)
0
or o ,
% _Rk+ g o / Wecatt(s) ds + 2k7t, k € Z, (14)
0
from whence we deduce that
ot 1 : K
% = iwscatt(t) < Wscatt — iEK(Q(t),G(t)) = iz (15)

Notice that we have excluded the terms arising from the prefactor on the right-hand
side of Equation (8), which would contribute to an imaginary phase z when represented as
e~ . In other words, we have not included the real term B(t) in modeling K.

With Equations (1), (11) and (12), Equations (3) and (4) now read, respectively, (for

0<0<m,
. . .
01 = |« — Rksin(0) + 5 sin(op, — 07) |6, (16)
and (for —t < 6 < 0)
| , 1. 1.
0 = |a — Rksin(0) — 3 sin(oy — 07) | 6. (17)

Note, that in the case of Path 2 in Figure 1, 0 < 0 is the angular velocity in the clockwise
(cw) direction. At this point, using Equations (16) and (17), we obtain for 0 < 6 < 7

) — 07 = —20a, (18)

and for —mt <0 <0
0y — 0 = 264, (19)

which confirms the results of Ref. [1] (see Equation (2)) as |#] — . Therefore, (for
0<8<m,

lim ¢ = [a - 1sim(zmx)] 0, (20)
00— 2
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and (for —t < 0 < 0)

lim o, = {zx + E sin(2mx)} 6, (21)
0——m 2

on Table 1 we list the corresponding values of ¢ / 0 (for 6 # 0) for different values of &. We
plot these numbers on a diagram in Figure 2.

Table 1. AB Effect with the electron as the detecting particle as 6 — 7 for § # 0 with different flux
parameter values, «.

[ n Similar Element 110 AB Effect?
-1 1 H -1.0 No
—% 2 He -05 Yes
-3 3 Li 0.1 Yes
—% 4 Be 0.250 Yes
-1 5 B 0.276 Yes
—1 6 C 0.266 Yes
-3 7 N 0.248 Yes
-3 8 ¢ 0.229 Yes
-3 9 F 0.21 Yes
- 10 Ne 0.194 Yes
-4 11 Na 0.179 Yes
-5 12 Mg 0.167 Yes
—1%—8 118 Og 0.018 Yes
—o—n =2
T
. -3
.®
0.2 "m‘ {—e—4
" |5
ol ‘m |——6
5 B -eo-7
S _ ol . X |-=-8
F(01/6) = — Lsin2ma) |"®9
’ -+-10
—041 oe11
* | | | 12
—0.4 —0.2 0o | =118
4

Figure 2. The plot of ¢ / 6 versus a as 8 — 7 for 6 # 0 (see values in Table 1).

Note here that at the interference point (in polar coordinates (r,0) = (R, 7)), the
phase of each of the electrons is independent of the radius of the circular path. However,
it is essential to remember that the circle’s radius must meet the constraint to ensure the
paths remain within the magnetically excluded region. Therefore, we must further analyze
our KM to determine the “critical” radius Rct. This radius is likely related to the radius
through which the magnetic field lines pass, i.e., no longer magnetically excluded.

Now, looking at Equations (2) and (16)—(19), we find (for 0 < 6 < m)

&1 = |a— Risin(6) + %sin(—Zsz) 6, (22)

and (for —t < 6 < 0)
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0» = |a — Rksin(6) + %sin(—Zsz) 0, (23)

with which we plot the values of ¢7 /0 versus 6 for @ # 0 on a diagram in Figure 3 for
« = —1/2, and in Figure 4 for o« = —1/3.

Rk =
T 0.0001
ol — 0.02

\ — 0.04
— 01
— 02
—-—- 03
—em- 04
-—-- 045
--=- 05
--—- 0.55
| | — 06

| |
0 50 100 150 — 07
0 — 10

/0

0.5

Figure 3. The plot of ¢/ 6 versus 6 for 8 # 0 (see Equation (22)) for different values of Rk when
a=-—1/2.

Rk =
T 0.0001
— 0.02
— 0.04
— 01
— 02
---- 03
—--- 04
-—-- 045
-—-- 05
---- 055
—1Eb_ | | | — 06
0 50 100 150 — 07

0 — 1.0

/0

—-05|

Figure 4. The plot of ¢/ 6 versus 6 for § # 0 (see Equation (22)) for different values of Rk when
a=-1/3.

We need to determine the range of values for R in which the AB effect can be detected.
This depends on the magnetic field and how much R is within the excluded region. A
more precise question would be the following: with a given flux parameter &, how can we
determine the maximum or critical R to ensure that it remains in the exclusive region?

Looking at the graph in Figure 3, one can see that the function ¢7 /6 is concave (i.e.,
the extreme is a maximum) until a certain value Rk = Rk, when it becomes a horizontal
line. After this, i.e., when R > R;jt, increasing Rk would make the function convex, that
is, the extreme is a minimum. On the other hand, a similar feature can be observed in the
graph in Figure 4 but slanting upward (from the left) in a pattern instead of just symmetric
along the horizontal.

We propose that for « = —1/2, together with a given value of k, R; entails a unique
radius R, at which the bound state AB effect cannot be detected, that is, the magnetic field
lines pass through this radius, and thus are not magnetically excluded. Beyond Rcit, the
bound state AB effect resumes as there are no magnetic field lines in the region once again.
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Although for & # —1/2, for example, « = —1/3, the function ¢/ 6 is not as symmetrical
as that for « = —1/2; however, the critical radius, Ryit, can still indicate the “flipping”
behavior, which is only attributable to the presence of the magnetic field lines.

We now carefully examine such values of R that are “candidates” for Ry in the
diagram in Figure 5. We, therefore, determine that in our model, Ryjt = 0.5/k forae = —1/2.
Pretty much in the same manner, we can find for « = —1/3 that R = 0.22/k using the
diagram in Figure 6.

—04| .
_ Rk=
0.4
—05/
- — 045
~ — 05
S el — 055
' — 06
ceee 0.7
—07}
| | | | | ﬁ

Figure 5. Finding R in the plot of ¢/ 6 versus 6 for § # 0 for different values of Rk when
a=—1/2.

0.0 Rk =
018

>
~ 0.2
© 0.22
—0.21 0.24
0.26

| |
0 50 100 150

0

Figure 6. Finding Ry in the plot of ¢ /6 versus 6 for § # 0 for different values of Rk when
a=—1/3.

2.1. The Critical Coupling Strength

In order to find the synchronization condition using the KM, at first we have to
introduce the order parameter p € [0, 1], which measures the degree of synchronization,
e.g., Refs. [5,23]:

. 1Y s .
pelC—Ui =~ Ze“’/_‘TI, i=1,2,...,N, (24)
j=1

where { € R is the average phase of the oscillators. Equating the imaginary part of both
sides of Equation (24), we have

N
psin({ —o;) = % Y sin(o; — 0;). (25)
=1

With Equation (25), we may rewrite Equation (1) as

0; = w; + Kpsin({ — ;). (26)
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Now, Equation (24) represents a mean field with which the phase oscillators “interact”.
If the function K(t) is small, then Equation (26) implies ¢; ~ w;, which means that the
oscillator does not interact much with the mean field. On the other hand, if K is large, then
0; is entrained by the mean field. This entrainment in the long run produces order (i.e.,
synchronization) starting from a certain form of disorder (i.e., incoherence) on the phase
oscillators. The threshold between these two states (synchronization/incoherence) occurs
at a critical coupling strength coefficient, denoted by K.

Looking at Equation (26) and the fact that p < 1, one can distinguish two regimes in
terms of K for i # j:

e Casel. K < |w; —wj|/2, then no solution of Equation (26) of the form ¢;(t) — ¢;(t) =0
exists.

e Case2. K > |w; — wj|/2, then the solution exists, and the oscillators can synchronize.
This case also provides a lower bound for K.

In our case, Kqi¢, which is the threshold for the jump from the state of incoherence to
that of bound state AB effect synchronization, has the form

|wy — wr |

K > Kgit 1= )

= |ad). (27)
This further implies that
191
2
and so the threshold from incoherency to synchronization based on this KM of the bound
state AB effect occurs when

> |ad], (28)

| < 5. (29)

This means, for example, if we use an electron as the moving charged particle (the
detector), and the source of the magnetic flux is a particle with charge ne, then synchro-
nization can occur for |n| > 2, as specified in Equation (29). The condition in Equation (29)
confirms that our version of the KM agrees with the physics of the bound state AB effect
in that we have obtained the synchronization condition that coincides with the allowable
values of « for the AB effect to occur in the case when the detecting particle is the electron.

2.2. A More General Case

We now write a more general form of the KM, i.e., when |61] is not necessarily equal
to 62| (0 <601 < mand —7 < 6, < 0):

o = [zx — Rksin(6) + %sin((fz - Ul)} 01, (30)

and 1
0 = [a — Rksin(6;) — 3 sin(op — 01)} 02, (31)

yielding more general conditions for synchronization in terms of the critical coupling
strength coefficient Kerit, gen:

1. 1
591 =Ky > Kcrit,gen =z

5 0((92 — 91) — Rk92 Sil‘l(@z) + ngl Sil‘l(@l)

, (32)

and

1.
_502 =Ky > Kcrit,gen- (33)
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In the most general case of N electrons, our version of the KM has the form
0; = |a — Rksin(0;) + — Z sin(0; — 0;. (34)

3. Discussion and Outlook

We have derived a version of the KM (see Equations (22) and (23)), which is capable
of describing the phase of the bound state AB effect, starting from the expression of the
overall wave function for the scattering problem of the quantum system, e.g., Section 4 of
Ref. [1].

In this model, to observe the AB effect with an electron as the detecting charged
particle, for a non-zero angular velocity 6 and for « = —1/2, the radius R of the circular
path through which the electron can orbit around the solenoid, which has a constant
magnetic flux ¢, should be such that R < Rqit = 0.5/k.

Notice that, when &« = —1/2 at R = R, ¢;/6 becomes constant w.r.t. 8. We interpret
this as the radius through which the magnetic field lines pass, making it magnetically
included. When R > Ry and & = —1/2, the function ¢;/6 “flips” w.r.t. that when

R < Rgit, indicating its behavior beyond the magnetic field region. In this model, the
magnetic field region is concentrated at Rst, which means that the field lines in that area
are uniformly vertical, perpendicular to the trajectories of the electrons. This suggests that
for « = —1/2, our KM yields the characteristics we desire in the quantum system. For
instance, it ensures that the solenoid is sufficiently long and its radius is small enough to
create uniform magnetic field lines that pass along its sides at Rqyit. The “flipping” behavior
only confirms that indeed R is the “interface” between the two regions (i.e., less than
and beyond the magnetic field) when « = —1/2. In other words, utilizing our KM, we can
now understand the magnetically excluded and “included” regions for &« = —1/2.

In the case of & = —1/3, the graph of the function ¢;/6 is not as symmetric as that of
a = —1/2, due to the fact that sin(—26a) # sin(6); however, the radius Rt = 0.22/k still
indicates the magnetic field region, see Figures 4 and 6.

One can approximately express the incident wave vector of the electron as k = 27t/ A,
where A is the de Broglie wavelength of the incident electron given by (see, e.g., Ref. [24])
Ao = 27th/(moR|6p|), 6o € R\ {0}, with mo being the mass of the electron and 6 its
initial angular velocity. Then, for « = —1/2, we can have an expression for Rt in terms
of 90:

Rest = CV05(160l) ™%, (35)

where C = /li/my.

For any “allowable” values of « (see, e.g., Table 1), we notice that as Rk — 0, the
function ¢; /6 versus 6 converges into one single plot; see and compare when Rk = 0.0001
and Rk = 0.02 in both Figures 3 and 4. Beyond the magnetic field lines (i.e., R > Rerit),
it can be seen that for « = —1/2 the function ¢;/6 at R = 1/k is symmetric w.r.t. R — 0;
any R larger than this would render behavior that is no longer symmetrical to that as
R — 0. Further analysis of these graphs, or as an extension of the current study, would
provide valuable insights into the behavior of the detecting electron well beyond this region,
specifically R > Rt

In addition, the condition for the system to undergo a synchronization is |a| < 1/2,
implying that the magnetic flux has the form ¢ = ¢y /n with |n| > 2. Since the synchroniza-
tion coincides with the condition (see Equation (29)) when « yields a detectable AB effect
we, therefore, say that in our KM, a synchronization means the detection of the AB effect,
while incoherence does not involve the AB effect. We have also generalized our model into
N electrons (or, in general, N charged particles); see Equation (34).

This study also shows that the KM can be derived from a quantum mechanical system
with central symmetry (similar to that of the bound state Aharonov-Bohm effect with
constant radius and magnetic flux), by expressing its wave function in terms of the incident
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wave function and the scattered wave function; see Appendix A for the outline of a slightly
different alternative derivation of the KM.
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Appendix A. Alternative Derivation of the Kuramoto Model
Lett € [0,T], T > 0, be the time of interference, ¥; := 0;/2,and f = f (19j(t) —
9;(t)) € R be a function that contains the information related to the AB effect, de-
scribed by the phase difference 8;(t) — 8;(t). Furthermore, looking at Equation (10), let
B(t) = Bo(t)f(8;(T) — ¢;(T)) in order to identify f. Then, we propose that, from the gen-
eral expression of the wave function of a quantum mechanical system, which is symmetrical
in the polar coordinates, of the form in Equation (6), one can formulate a version of the KM
of the form
, 2 N
ﬁi(t) = Winc,i + Nwscatt,i Zlf(l?](t) - 191'(1’)), (Al)
=
to describe the phase dynamics of the system. In our case N = 2, we can identify through
Equations (2) and (8) that
F(8:(T) = 85(T)) = sin(a).

Therefore, with Equation (A1), we could also have a version of the KM for the bound
state AB effect as given in Equation (34).

Also, in our case it is important to note that win; = (1 —ky;/a)Vap;, where
Yi = Rsin(6;) and Vap; = af;. Here, VaB,i represents the potential energy of the sys-
tem; see, e.g., Ref. [19].
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