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 Prof. Dr. Humberto Bustince

Website

Editor-in-Chief

Department of Statistics, Computer Science and Mathematics, Public University of Navarra, 31006

Pamplona, Spain

Interests: aggregation functions; theoretical aspects of fuzzy sets and their extensions; image

processing; classification; decision making; bio-inspired algorithms; partial differential equations
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 Prof. Dr. Hans J. Haubold

*

Website

Section Editor-in-Chief
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Austria

2. Centre for Mathematical and Statistical Sciences, Peechi Campus, KFRI, Peechi, Kerala 680653,

India

Interests: special functions; fractional calculus; entropic functional; mathematical physics;

applied analysis; statistical distributions; geometrical probabilities; multivariate analysis

* Section: Mathematical Physics

Special Issues, Collections and Topics in MDPI journals

 Prof. Dr. Delfim F. M. Torres

*

grade Website

Section Editor-in-Chief

Center for Research and Development in Mathematics and Applications (CIDMA), Department of

Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal

Interests: fractional calculus; dynamics on time scales; mathematical biology; calculus of

variations; optimal control

* Section: Mathematical Analysis

Special Issues, Collections and Topics in MDPI journals

 Prof. Dr. Jie Xiao

*

grade Website

Section Editor-in-Chief

Department of Mathematics and Statistics, Memorial University of Newfoundland, St. John's, NL

A1C 5S7, Canada

Interests: geometric harmonic analysis; mathematical physics; partial differential equations

* Section: Geometry and Topology

Special Issues, Collections and Topics in MDPI journals

https://www.mdpi.com/journal/axioms/editors#
https://www.mdpi.com/journal/axioms/editors#
https://recognition.webofsciencegroup.com/awards/highly-cited/2020/
https://recognition.webofsciencegroup.com/awards/highly-cited/2020/
https://recognition.webofsciencegroup.com/awards/highly-cited/2020/
https://recognition.webofsciencegroup.com/awards/highly-cited/2020/
https://orcid.org/0000-0001-8641-2505
https://orcid.org/0000-0001-8641-2505
https://www.mdpi.com/journal/axioms/editors#
https://www.mdpi.com/journal/axioms/editors#
https://clarivate.com/highly-cited-researchers/2022
https://clarivate.com/highly-cited-researchers/2022
https://clarivate.com/highly-cited-researchers/2022
https://clarivate.com/highly-cited-researchers/2022
https://www.mun.ca/math/our-people/faculty/jie-xiao/
https://www.mun.ca/math/our-people/faculty/jie-xiao/
https://www.mdpi.com/journal/axioms/editors#
https://www.mdpi.com/journal/axioms/editors#


 Prof. Dr. Javier Fernandez
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Associate Editor

1. Department of Estadistica, Informatica y Matematicas, Universidad Publica de Navarra, 31006

Pamplona, Spain

2. NavarraBiomed, Complejo Hospitalario de Navarra, 31006 Pamplona, Spain

3. Institute of Smart Cities, 31006 Pamplona, Spain

Interests: aggregation functions; theoretical aspects of fuzzy sets and their extensions; image

processing; classification; decision making; bio-inspired algorithms; partial differential equations

Special Issues, Collections and Topics in MDPI journals

 Prof. Dr. Juan A. Acebrón

Website

Editorial Board Member

Department of Information Science and Technology, ISCTE - Instituto Universitário de Lisboa,

1649-026 Lisbon, Portugal

Interests: applied and computational mathematics; computational physics; parallel scientific

computing; nonlinear physics

https://www.unavarra.es/pdi?uid=8432
https://www.unavarra.es/pdi?uid=8432
https://www.mdpi.com/journal/axioms/editors#
https://www.mdpi.com/journal/axioms/editors#
http://home.iscte-iul.pt/~jaats/myweb/CV.html
http://home.iscte-iul.pt/~jaats/myweb/CV.html


 Dr. Muhammad Azeem Akbar
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Editorial Board Member

Department of Software Engineering, LUT University, 53850 Lappeenranta, Finland

Interests: global software development; cloud-based outsourcing; quantum software; blockchain;

IoT security; AI and IoT ethics

Special Issues, Collections and Topics in MDPI journals

 Dr. Zacharias A. Anastassi

Website

Editorial Board Member

Institute of Artificial Intelligence, School of Computer Science and Informatics, De Montfort

University, Leicester LE1 9BH, UK

Interests: numerical analysis of differential equations; oscillatory/periodic initial/boundary

value problems; computational physics
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Department of Computer Science and Mathematics, Universitat Rovira i Virgili, 43007 Catalonia,

Spain

Interests: interdisciplinary physics; complex networks; mathematical modeling (epidemic

spreading, synchronization, social behavior)

 Prof. Dr. Krassimir Atanassov

Website

Editorial Board Member

Bioinformatics and Mathematical Modelling, Institute of Biophysics and Biomedical Engineering,

Bulgarian Academy of Sciences, 1113 Sofia, Bulgaria

Interests: mathematical modelling; artificial intelligence; intuitionistic fuzzy sets; generalized

nets; number theory

 Prof. Dr. José Balthazar

Website

Editorial Board Member

1. Faculty of Mechanical Engineering, São Paulo State University, Bauru 17033-360, São Paulo,

Brazil

2. Department of Electrical Engineering, Federal University of Technology—Parana, Ponta Grossa

84017-220, Paraná, Brazil

Interests: nonlinear dynamics; chaos; control
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http://biomed.bas.bg/en/krassimir-atanassov/
http://biomed.bas.bg/en/krassimir-atanassov/
https://bv.fapesp.br/en/pesquisador/5780/jose-manoel-balthazar/
https://bv.fapesp.br/en/pesquisador/5780/jose-manoel-balthazar/
https://www.mdpi.com/journal/axioms/editors#
https://www.mdpi.com/journal/axioms/editors#


 Dr. Carolina Vittoria Beccari

Website

Editorial Board Member

Department of Mathematics, University of Bologna, 40126 Bologna, Italy

Interests: mathematical foundations of computer-aided geometric design; representation of

curves and surfaces; spline functions; interpolation and smoothing; pythagorean hodograph curves

 Prof. Dr. Stefania Bellavia

Website

Editorial Board Member

Department of Industrial Engineering, University of Florence, Viale Morgagni 40/44, 50134

Firenze, Italy

Interests: numerical optimization; iterative methods for linear algebra; nonlinear inverse

problems

Special Issues, Collections and Topics in MDPI journals

 Prof. Dr. Kenneth S. Berenhaut

Website

Editorial Board Member

Department of Mathematics, Wake Forest University, 1834 Wake Forest Road, Winston-Salem, NC

27109, USA
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Interests: applied probability; convergence rates; mathematical inequalities; mathematical and

statistical models; discrete dynamics; periodicities in sequences; statistical methodology; matrix

inequalities; analytic, probabilistic and combinatorial number theory; discrete structures

 Prof. Dr. Martin Bohner

Website

Editorial Board Member

Department of Mathematics and Statistics, Missouri University of Science and Technology, Rolla,

MO 65409, USA

Interests: Hamiltonian systems; Sturm–Liouville equations; boundary value problems;

difference equations; variational analysis; control theory; optimization; dynamical systems;

oscillation; fractional differentiation equations; positivity; matrix analysis; eigenvalue problems;

computational mathematics; time scales

Special Issues, Collections and Topics in MDPI journals
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Editorial Board Member

Electronics and Computer Science (FPAS), University of Southampton, Southampton SO17 1BJ,

UK

Interests: applied and computational mathematics/modelling; complex networks; complex

systems; dynamical systems
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Istituto per le Applicazioni del Calcolo “M. Picone” Consiglio Nazionale delle Ricerche, Via dei

Taurini 19, 00185 Rome, Italy

Interests: differential models; numerical methods and computer simulation for dynamical

complex systems with applications in biomedicine; conservation of cultural heritage and fluid

dynamics

Special Issues, Collections and Topics in MDPI journals

 Prof. Dr. Fabio Caldarola

Website

Editorial Board Member

Department of Mathematics and Computer Science, Cubo 31/A, Università della Calabria, 87036

Rende, Italy

Interests: number theory; iwasawa theory; combinatorics; fibonacci numbers; mumber

sequences; graph theory; unimaginable numbers; combinatorics on words; fractal geometry;

polytopes; elliptic curves; cryptography; applied mathematics; cellular automata; mathematical

models; chaos theory; nonlinear dynamics; shallow water.

Special Issues, Collections and Topics in MDPI journals

 Prof. Dr. Giovanni Calvaruso

Website

Editorial Board Member

Dipartimento di Matematica e Fisica 'E. De Giorgi', Università del Salento, Prov. Lecce-Arnesano,

73100 Lecce, Italy

Interests: differential geometry; Lie groups; global analysis; mathematical physics
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 Dr. Elias Camouzis

Website

Editorial Board Member

Department of Business Administration, National and Kapodistrian University of Athens,

Sofokleous 1, 10559 Athens, Greece

Interests: difference equations; scientific computation; economics; plasma physics

Special Issues, Collections and Topics in MDPI journals

 Dr. Rutwig Campoamor-Stursberg

Website

Editorial Board Member

Instituto de Matemática Interdisciplinar, Departamento de Geometría y Topología, Universidad

Complutense de Madrid, Plaza de Ciencias 3, E-28040 Madrid, Spain

Interests: real and complex lie algebras and groups; differential forms and distribution theory;

contractions and deformations; casimir invariants; symmetries in physics; representation theory;

lie group analysis of differential equations; lagrangian and hamiltonian formalism in classical

mechanics; integrable and superintegrable systems; symmetry-conditioned perturbation theory;

inverse problems in dynamics; supersymmetry
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 Prof. Dr. Sandra Carillo
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Website

Editorial Board Member

Dipartimento di Scienze di Base e Applicate per l'Ingegneria, Sapienza Università di Roma, Via A.

Scarpa 16, 00161 Rome, Italy

Interests: mathematical models for non-local materials and materials with memory; nonlinear

evolution equations; commutative and non-commutative soliton equations; variational methods in

elasticity

 Prof. Dr. Joao Paulo Carvalho

Website

Editorial Board Member

INESC-ID/Instituto Superior Técnico, Universidade de Lisboa, Rua Alves Redol, 9, 1000-029

Lisboa, Portugal

Interests: computational intelligence; intelligent systems; fuzzy sets; social networks datamining;

text mining

Special Issues, Collections and Topics in MDPI journals

 Prof. Dr. Clemente Cesarano

Website

Editorial Board Member

Section of Mathematics, International Telematic University, Corso Vittorio Emanuele II, 39, 00186

Roma, Italy

Interests: special functions; orthogonal polynomials; differential equations; operator theory;

multivariate approximation theory; Lie algebra
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Website

Editorial Board Member

Department of Computer and Communication, Shu-Te University, Kaohsiung County 824, Taiwan

Interests: evolutionary computations; digital filter design

Prof. Dr. Yuli Chashechkin

Website

Editorial Board Member

Laboratory of Fluid Mechanics, Ishlinsky Institute for Problems in Mechanics RAS, 119526

Moscow, Russia

Interests: fluid mechanics; unique experimental setup; dynamics; structure; universal models;

high-speed and high-resolution visualization of flows; stratification; jets; wakes; vortices; waves

(inertial, gravitational, acoustic, hybrid); gradient flows

Special Issues, Collections and Topics in MDPI journals

Website

Editorial Board Member

Department of Applied Mathematic, Pukyong National University, Busan 48513, Republic of Korea

Interests: real and complex analysis; analytic and geometric function theory; integral transforms

and their applications; special functions and their applications

Special Issues, Collections and Topics in MDPI journals

 Dr. Dimitris M. Christodoulou

Website

Editorial Board Member

Department of Mathematics and Statistics, University of Massachusetts Lowell, Lowell, MA 01854,

USA

Interests: accretion: accretion disks; stars: magnetic fields; stars: neutron; X-rays: binaries;

HMXBs and ULXs
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axioms-v13-i12.png)): We consider semiprime universal algebras whose term

condition commutators are commutative and distributive with respect to arbitrary
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semiprime members of semidegenerate congruence-modular varieties, and their

prime congruences with respect to the commutator. We obtain algebraic

characterizations for minimal prime congruences and study the Stone (spectral)

and the at (inverse) topologies on the minimal prime spectra of such algebras. We

investigate these topologies in relation to extensions of such algebras that

generalize certain types of ring extensions: m-extensions, rigid, quasirigid and

weak rigid extensions, r-extensions and quasi/weak r-extensions, as well as r*-
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Abstract In 2012, Chu investigated the generalization of classical Watson–Whipple–Dixon

summation theorems in the form of analytical formulas. By employing four generalized Watson

summation formulas, the objective of this paper is to evaluate a new class of several Eulerian-type
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Abstract This paper presents an innovative numerical technique for specific classes of stochastic
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approximating second-order derivatives, they are inadequate [...] Read more.
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Abstract Rigged Hilbert spaces (RHSs) are the right mathematical context that include many tools

used in quantum physics, or even in some chaotic classical systems. It is particularly interesting that

in RHS, discrete and continuous bases, as well as an abstract basis and the [...] Read more.
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Abstract This paper introduces the idea of a cone m-hemi metric space, which extends the idea of

an m-hemi metric space. By presenting non-trivial examples, we demonstrate the superiority of cone

m-hemi metric spaces over m-hemi metric spaces. Further, we [...] Read more.
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Abstract For the constructive analysis of locally Lipschitzian system of non-linear differential
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Abstract : In this study, we introduce a novel class of generalized neutrosophic open sets, referred to

as neutrosophic strongly preopen sets. Building on this foundation, we propose a new type of
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derived by a multiplicative Wiener process. We use a suitable transformation to change the SHF
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RVCs). We employ the mapping approach to [...] Read more.
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(This article belongs to the Special Issue New Theory and Applications of Nonlinear Analysis,

Fractional Calculus and Optimization, 2nd Edition ( /journal/axioms/

special_issues/29183R155A ))

Open Access Article

Investigating Multidimensional Degenerate Hybrid Special Polynomials and Their Connection
to Appell Sequences: Properties and Applications (/2075-1680/13/12/859)

by Awatif Muflih Alqahtani, Saleem Yousuf, Shahid Ahmad Wani and Roberto S. Costas-Santos

Axioms 2024, 13(12), 859; https://doi.org/10.3390/axioms13120859 (https://doi.org/10.3390/

axioms13120859) - 7 Dec 2024

Viewed by 712

Abstract This paper explores the operational principles and monomiality principles that significantly

shape the development of various special polynomial families. We argue that applying the

monomiality principle yields novel results while remaining consistent with established findings. The

primary focus of this study is the [...] Read more.

(This article belongs to the Special Issue Advances in Hypergeometric Series, Orthogonal

Polynomials and Their Natural Extensions ( /journal/axioms/special_issues/49C7444H66 ))

Open Access Article

A Novel Framework for Belief and Plausibility Measures in Intuitionistic Fuzzy Sets: Belief and
Plausibility Distance, Similarity, and TOPSIS for Multicriteria Decision Making
(/2075-1680/13/12/858)

by Shahid Hussain, Zahid Hussain, Rashid Hussain, Ahmad Bakhet, Hussain Arafat,

Mohammed Zakarya, Amirah Ayidh I Al-Thaqfan and Maha Ali

Axioms 2024, 13(12), 858; https://doi.org/10.3390/axioms13120858 (https://doi.org/10.3390/

axioms13120858) - 7 Dec 2024

Viewed by 971

Abstract Dempster–Shafer Theory (DST) relies significantly on belief and plausibility measures to

handle ambiguity and uncertainty; however, DST has been extended to fuzzy sets (FSs) and

intuitionistic fuzzy sets (IFSs) with only a few extensions focusing on belief and plausibility

intuitionistic fuzzy distance (BP-distance) [...] Read more.

(This article belongs to the Special Issue Stochastic Modeling and Optimization Techniques ( /

journal/axioms/special_issues/6X5S8752Y7 ))

► Show Figures

(https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/

axioms-13-00858-g001-550.jpg?1733811585) (https://pub.mdpi-res.com/axioms/

axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588)

(https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/

axioms-13-00858-g003-550.jpg?1733811591) (https://pub.mdpi-res.com/axioms/

ln sec x = − ln cos x



Back to TopTop

 (/)





https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12/859/pdf?version=1733727180
https://www.mdpi.com/2075-1680/13/12/859/pdf?version=1733727180
https://www.mdpi.com/2075-1680/13/12/859/pdf?version=1733727180
https://www.mdpi.com/2075-1680/13/12/859/pdf?version=1733727180
https://www.mdpi.com/2075-1680/13/12/859/pdf?version=1733727180
https://www.mdpi.com/2075-1680/13/12/859/pdf?version=1733727180
https://www.mdpi.com/2075-1680/13/12/859/pdf?version=1733727180
https://www.mdpi.com/2075-1680/13/12/858/pdf?version=1733811497
https://www.mdpi.com/2075-1680/13/12/858/pdf?version=1733811497
https://www.mdpi.com/2075-1680/13/12/858/pdf?version=1733811497
https://www.mdpi.com/2075-1680/13/12/858/pdf?version=1733811497
https://www.mdpi.com/2075-1680/13/12/858/pdf?version=1733811497
https://www.mdpi.com/2075-1680/13/12/858/pdf?version=1733811497
https://www.mdpi.com/2075-1680/13/12/858/pdf?version=1733811497
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/journal/axioms/special_issues/29183R155A
https://www.mdpi.com/2075-1680/13/12/859
https://www.mdpi.com/2075-1680/13/12/859
https://www.mdpi.com/2075-1680/13/12/859
https://www.mdpi.com/2075-1680/13/12/859
https://www.mdpi.com/2075-1680/13/12/859
https://www.mdpi.com/2075-1680/13/12/859
https://www.mdpi.com/2075-1680/13/12/859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://doi.org/10.3390/axioms13120859
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/journal/axioms/special_issues/49C7444H66
https://www.mdpi.com/2075-1680/13/12/858
https://www.mdpi.com/2075-1680/13/12/858
https://www.mdpi.com/2075-1680/13/12/858
https://www.mdpi.com/2075-1680/13/12/858
https://www.mdpi.com/2075-1680/13/12/858
https://www.mdpi.com/2075-1680/13/12/858
https://www.mdpi.com/2075-1680/13/12/858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://doi.org/10.3390/axioms13120858
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/journal/axioms/special_issues/6X5S8752Y7
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g001-550.jpg?1733811585
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g002-550.jpg?1733811588
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g003-550.jpg?1733811591
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g004-550.jpg?1733811593
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g004-550.jpg?1733811593
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g004-550.jpg?1733811593
https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/axioms-13-00858-g004-550.jpg?1733811593
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/
https://www.mdpi.com/
https://www.mdpi.com/
https://www.mdpi.com/
https://www.mdpi.com/
https://www.mdpi.com/
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#
https://www.mdpi.com/2075-1680/13/12#


16 pages, 1257 KiB    (/2075-1680/13/12/857/pdf?version=1733889115)

13 pages, 272 KiB    (/2075-1680/13/12/856/pdf?version=1733393136)

16 pages, 501 KiB    (/2075-1680/13/12/855/pdf?version=1733316315)

axioms-13-00858/article_deploy/html/images/axioms-13-00858-g004-550.jpg?1733811593)

(https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/

axioms-13-00858-g005-550.jpg?1733811594) (https://pub.mdpi-res.com/axioms/

axioms-13-00858/article_deploy/html/images/axioms-13-00858-g006-550.jpg?1733811596)

(https://pub.mdpi-res.com/axioms/axioms-13-00858/article_deploy/html/images/

axioms-13-00858-g007-550.jpg?1733811599)

Open Access Article

A Novel Sine Step Size for Warm-Restart Stochastic Gradient Descent (/2075-1680/13/12/857)

by Mahsa Soheil Shamaee and Sajad Fathi Hafshejani

Axioms 2024, 13(12), 857; https://doi.org/10.3390/axioms13120857 (https://doi.org/10.3390/

axioms13120857) - 6 Dec 2024

Viewed by 454
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Abstract The study of the Hankel determinant generated by the Maclaurin series of holomorphic

functions belonging to particular classes of normalized univalent functions is one of the most

significant problems in geometric function theory. Our goal in this study is first to define a [...] Read
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Abstract This study computationally examined the Richtmyer–Meshkov instability (RMI) evolution in

a helium backward-triangular bubble immersed in monatomic argon, diatomic nitrogen, and

polyatomic methane under planar shock wave interactions. Using high-fidelity numerical simulations

based on the compressible Navier–Fourier equations based on the Boltzmann–Curtiss kinetic [...]
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Abstract We study the characteristics of affine vector fields on pseudo-Riemannian manifolds and

provide tensorial formulas that characterize these vector fields. Using our approach, we present a

straightforward proof that any affine vector field on a compact Riemannian manifold is a Killing vector

field. [...] Read more.
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Abstract In this paper, we study the existence and uniqueness of second-order impulsive delay

differential systems. Firstly, we define cosine-type and sine-type delay matrix functions, which are

used to derive the solutions of the impulsive delay differential systems. Secondly, based on the

Schauder and [...] Read more.

(This article belongs to the Special Issue Differential Equations and Its Application ( /journal/
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Abstract In this article, we present a novel B-Polynomial Approach for approximating solutions to

partial differential equations (PDEs), addressing the multiple initial conditions. Our method stands out

by utilizing two-dimensional Bernstein polynomials (B-polynomials) in conjunction with their

operational matrices to effectively manage the complexity [...] Read more.

(This article belongs to the Special Issue Differential Equations and Related Topics, 2nd Edition (
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Abstract The encapsulation of particular quality functions and predicates within temporal logic

formulas markedly enhances the representation of detailed temporal characteristics within a system.

During our preliminary investigations, we innovatively combined quality constraint functions and

predicates with Possibility Linear Temporal Logic (PoLTL), yielding the [...] Read more.
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Abstract In this study, we propose a smoothed weighted quantile regression (SWQR), which

combines convolution smoothing with a weighted framework to address the limitations. By smoothing

the non-differentiable quantile regression loss function, SWQR can improve computational efficiency

and allow for more stable model estimation [...] Read more.
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equation, the heat conduction [...] Read more.
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Abstract In this paper, we study the existence of fixed points for interpolative Reich–Rus–Ćirić-type

contractions in the setting of rectangular m-metric spaces. The use of the rectangular inequality, in

place of the conventional triangle inequality, introduces a higher level of complexity in the [...] Read
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Abstract The Aharonov–Bohm effect can be described as a phase difference in interfering charged

particles that travel through two distinct pathways oppositely surrounding a perpendicularly-positioned

solenoid. The magnetic field emanates from the solenoid but does not intersect the pathways. On the

other hand, the [...] Read more.
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Abstract A stochastic process is at thermodynamic equilibrium if it obeys time-reversal symmetry;
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Abstract In this paper, we introduce several new concepts: generalized neutrosophic rectangular b-

metric-like spaces (GNRBMLSs), generalized intuitionistic rectangular b-metric-like spaces
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Abstract In the present study, we define hybrid enriched contractions of the Hardy–Rogers type and

of the Ćirić–Reich–Rus type in the framework of convex metric space. We demonstrate the presence

and the approximation of fixed points for contraction mappings by using Krasnoselskij iteration. The
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Abstract: The Aharonov–Bohm effect can be described as a phase difference in interfering charged par-

ticles that travel through two distinct pathways oppositely surrounding a perpendicularly-positioned

solenoid. The magnetic field emanates from the solenoid but does not intersect the pathways. On the

other hand, the Kuramoto model can be used to identify the synchronization conditions that lead to a

particular phase difference by treating the phases as coupled oscillators. Starting with the overall

wave function expression for the electron in an Aharonov–Bohm potential, we derive a version of

the Kuramoto model describing the phase dynamics of the bound state of the quantum mechanical

system. We show that the resulting synchronization condition of the model coincides with the

allowable values of the flux parameter for our case to achieve an Aharonov–Bohm effect.

Keywords: Aharonov–Bohm effect; Kuramoto model; bound states quantum systems

MSC: 34C15; 35Q40; 81Q70; 81U05

1. Introduction and Motivation

The Aharonov–Bohm (AB) effect [1], which is an interference phenomenon, continues
to exhibit quantum mechanical features that have not yet been fully understood, e.g., the
anomalous AB interference in a quantum Hall Fabry–Pérot interferometer as observed
in Ref. [2], the time-dependent AB effect and the absence of its apparent experimental
evidence (as also mentioned in a recent study Ref. [3]), the topological nature of the AB
effect (see, e.g., a recent study that challenges its conventional concept in Ref. [4]). On the
other hand, the Kuramoto model (KM) [5] has been applied to many branches of science
(see review papers, e.g., Refs. [6–8]) but scarcely to quantum mechanics. For quantum
applications of the KM, see the examples given in Refs. [9–12]. Describing the AB effect
from the KM’s perspective is, therefore, of interest and not considered elsewhere.

Synchronizations in quantum systems have recently been studied based on either
having a classical analog (see, e.g., Refs. [13,14]) or none at all, e.g., Ref. [15]. Furthermore,
synchronizations of interfering particles, such as between photons (see, e.g., Ref. [16]) and
between electrons (see, e.g., Ref. [17]) have also been considered. Since the synchronization
condition is a main characteristic of the KM, it is, therefore, of particular interest to use
the model to study the synchronization conditions of the bound state AB effect and their
relationship with the interference occurring within the quantum system. Alongside the
synchronization conditions, we are also interested in determining the extent of the magnetic
field region near the interference line of the AB effect.
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In this letter, beginning with the general case of the AB effect [1], we consider its
simplest case, the bound state, by constraining the path taken by the electron to that of
a circle with constant radius, e.g., Refs. [18–20]. Then, with its known interference phase
difference and wave functions (see, e.g., Ref. [1]), we propose a version of the KM and
study the phase dynamics of the system.

2. A Kuramoto Model for the System

Begin with a KM model of the form [5]

σ̇i :=
dσi

dt
= ωi +

K

N

N

∑
j=1

sin
(

σj − σi

)

, (1)

where σi = σi(t) is the phase of the phase oscillator i (with i = 1, 2, . . . , N) as a function of
time t ≥ 0, ωi its angular frequency, K a uniform coupling strength coefficient and N the
total number of phase oscillators.

Consider now a two-electron system, with each electron initially in the angular position
θ0 := θ(0) = 0 moving along a circular path of constant radius R, one in the upper
semicircle and the other in the lower semicircle; see Figure 1. The two paths, namely, Path 1
and Path 2, form a circular ring except at the endpoint θ(t) = π.

ccw (Path 1)

cw (Path 2) Charged
Particle

(two of such)

φ

θR

R0

Figure 1. A top-view illustration of the paths taken by a spinning electron around the solenoid from

which the magnetic flux “inducing” Aharonov–Bohm effect came.

In the center of the ring, there is an AB effect source, a magnetically impenetrable
solenoid of radius R0 oriented perpendicular to the semicircular paths and generating a
magnetic field of flux φ. The resulting magnetic field lines emerge from the top, flow down
the sides of the solenoid beyond the trajectories, and return through the bottom. Since this
magnetic field does not intersect the paths of the electrons, the paths (of radius R ≫ R0)
of the electrons are in a region where the magnetic field is excluded. Consequently, there
is a phase shift between the electron trajectories at their mutual endpoint, specifically at
θ(t) = π.

In the general case where the “detecting” particles (i.e., the charged particles moving
along the semicircular paths that will sense the AB effect) have charge le, l ∈ Z \ {0}, the
phase difference between Path 1 and Path 2 when they interfere at θ(t) = π, is [1,18]

σ1 − σ2 =
S1 − S2

h̄
= 2πα, α :=

leφ

2πh̄c
; (2)

where Si represents the action of the classical Path i, h̄ the reduced Planck’s constant,
and c the speed of light in vacuum. In Equation (2), it is observed that the interference
depends on the phase difference by a factor of 2π. This specifically entails that, when
the parameter α (called the flux parameter) is shifted by an integer value, the interference
phenomenon remains completely “unaffected”. Thus, α only takes specific discrete values of
φ = (φ0/n), n ∈ Z \ {0}, where φ0 := 2πh̄c/e (known as the quantum of flux or London’s
unit) and ne is the charge used by the “source” of the magnetic flux in the solenoid, e.g.,
Refs. [1,18]. In particular, with α = l/n, the AB effect is detectable only for {l/n}, where
{ · } represents the fractional part of the number. In our case, where l = −1, the AB effect is
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detectable whenever |n| ̸= 1. We can find a detailed theoretical description in Refs. [1,18]
and some supporting experiments in the works [21,22].

Hence, with N = 2, i.e., for Paths 1 and 2 in Figure 1, Equation (1) gives

σ̇1 = ω1 +
K

2
sin(σ2 − σ1), (3)

and

σ̇2 = ω2 −
K

2
sin(σ2 − σ1). (4)

This study aims to determine ω1, ω2, and K. To do so, we make the following
assumptions:

1. The probability for an electron to take either of the two paths is the same;
2. The two electrons simultaneously start at θ1(t0) = θ2(t0) = 0, one then proceeds

towards the end of the semicircular track through Path 1 and the other through Path 2;
3. The electrons travel the same amount of angular displacement θ := θ(t) (differing

only in the sign of θ), at the time interval t − t0 = t, thus enabling them to interfere as
|θ(t)| → π.

Now, in quantum mechanics, the wave function ψ(t) for the (bound state) Aharonov–
Bohm effect can be expressed in terms of S1 and S2 as [1]

ψ(t) = ψ0
1(t)e

−(i/h̄)S1 + ψ0
2(t)e

−(i/h̄)S2 , (5)

where ψ0
i denotes the wave function for the free particle moving along path i. Furthermore,

since this system also undergoes a scattering process [1], then ψ can further be expressed in
terms of the incident wave function ψinc and the scattered wave function ψscatt as [1]

ψ(t) = ψinc(t) + ψscatt(t), (6)

where, for |θ| < π ⇔ |θ(t)| < π, ∀t ≥ 0,

ψinc(t) := e−i(αθ(t)+Rk cos(θ(t))), (7)

and

ψscatt(t) :=
sin(πα)√

2πiRk cos(θ(t)/2)
e
−i

(

θ(t)
2 −Rk

)

, (8)

with k ∈ R
+ being the magnitude of the wave vector of the incident electron.

Let
ψinc(t) = A(t)e−i

∫ t
0 ωinc(s)ds, (9)

and
ψscatt(t) = B(t)e−i

∫ t
0 ωscatt(s)ds, A(t), B(t) ∈ R, (10)

where ωinc := ωinc(t) and ωscatt := ωscatt(t) are a form of phase frequency (i.e., having the
dimensions of phase divided by time) for the incident and the scattered waves, respectively.
Then, upon inspecting Equations (2)–(10), we propose that ω1 and ω2 can be obtained as
having the same expression but different in the sign of θ due to Path 1 (ccw) and Path 2
(cw), namely, ω1 = ωinc for 0 ≤ θ < π (let ω+

inc := ω1), and ω2 = ωinc for −π < θ ≤ 0 (let
ω−

inc := ω2). Therefore,

∫ t

0
ωinc(s)ds = αθ(t) + Rk cos(θ(t)),

which follows
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ωinc(t) =
d

dt

(

αθ(t) + Rk cos(θ(t))
)

=
(

α − Rk sin(θ(t))
)

θ̇(t). (11)

We now want to establish the connection between K/2 and ωscatt. We first observe
that, unlike ωi, the second term on the rhs of Equation (1) (containing K) is typically the
fluctuating part (i.e., phase-oscillating) of the model. Similarly, the second term on the
rhs of Equation (6) (containing ωscatt cf. Equation (10)) is a varying term, which depends,
for example, on the type of intercept boundary causing the scattering (in contrast to ωinc).
Also, we are aiming to obtain the synchronization conditions (which is related to K/2) of
the interference (which is related to ωscatt). Together with the fact that the phase difference
experienced by the incident electrons can be observed at the interference, we consequently
link K/2 and ωscatt. In other words, looking at the rhs of Equation (6), we link ωi to the
argument of ψinc(t) and K/2 to that of ψscatt(t). This entails saying that

K

2
=

1

2
K(θ(t), θ̇(t)) =

d

dt

(

θ(t)

2
− Rk +

π

4

)

=
θ̇(t)

2
. (12)

In particular, from Equations (8) and (10), it follows that

θ(t)

2
− Rk +

π

4
= ±

∫ t

0
ωscatt(s)ds + 2kπ, k ∈ Z, (13)

or
θ(t)

2
− Rk +

π

4
= π −

∫ t

0
ωscatt(s)ds + 2kπ, k ∈ Z, (14)

from whence we deduce that

θ̇(t)

2
= ±ωscatt(t) ⇐⇒ ωscatt = ±1

2
K(θ(t), θ̇(t)) = ±K

2
. (15)

Notice that we have excluded the terms arising from the prefactor on the right-hand
side of Equation (8), which would contribute to an imaginary phase z when represented as
e−iz. In other words, we have not included the real term B(t) in modeling K.

With Equations (1), (11) and (12), Equations (3) and (4) now read, respectively, (for
0 ≤ θ < π),

σ̇1 =

[

α − Rk sin(θ) +
1

2
sin(σ2 − σ1)

]

θ̇, (16)

and (for −π < θ ≤ 0)

σ̇2 =

[

α − Rk sin(θ)− 1

2
sin(σ2 − σ1)

]

θ̇. (17)

Note, that in the case of Path 2 in Figure 1, θ̇ < 0 is the angular velocity in the clockwise
(cw) direction. At this point, using Equations (16) and (17), we obtain for 0 ≤ θ < π

σ2 − σ1 = −2θα, (18)

and for −π < θ ≤ 0
σ2 − σ1 = 2θα, (19)

which confirms the results of Ref. [1] (see Equation (2)) as |θ| → π. Therefore, (for
0 ≤ θ < π),

lim
θ→π

σ̇1 =

[

α − 1

2
sin(2πα)

]

θ̇, (20)
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and (for −π < θ ≤ 0)

lim
θ→−π

σ̇2 =

[

α +
1

2
sin(2πα)

]

θ̇, (21)

on Table 1 we list the corresponding values of σ̇1/θ̇ (for θ̇ ̸= 0) for different values of α. We
plot these numbers on a diagram in Figure 2.

Table 1. AB Effect with the electron as the detecting particle as θ → π for θ̇ ̸= 0 with different flux

parameter values, α.

α n Similar Element σ̇1/θ̇ AB Effect?

−1 1 H −1.0 No

− 1
2 2 He −0.5 Yes

− 1
3 3 Li 0.1 Yes

− 1
4

4 Be 0.250 Yes

− 1
5 5 B 0.276 Yes

− 1
6 6 C 0.266 Yes

− 1
7 7 N 0.248 Yes

− 1
8 8 O 0.229 Yes

− 1
9 9 F 0.21 Yes

− 1
10

10 Ne 0.194 Yes

− 1
11

11 Na 0.179 Yes

− 1
12

12 Mg 0.167 Yes

...
...

...
...

...

− 1
118

118 Og 0.018 Yes

−0.4 −0.2 0

−0.4

−0.2

0

0.2

(σ̇1/θ̇) = α − 1
2 sin(2πα)

α

σ̇
1
/

θ̇

n = 2
3
4
5
6
7
8
9
10
11
12
118

Figure 2. The plot of σ̇1/θ̇ versus α as θ → π for θ̇ ̸= 0 (see values in Table 1).

Note here that at the interference point (in polar coordinates (r, θ) = (R, π)), the
phase of each of the electrons is independent of the radius of the circular path. However,
it is essential to remember that the circle’s radius must meet the constraint to ensure the
paths remain within the magnetically excluded region. Therefore, we must further analyze
our KM to determine the “critical” radius Rcrit. This radius is likely related to the radius
through which the magnetic field lines pass, i.e., no longer magnetically excluded.

Now, looking at Equations (2) and (16)–(19), we find (for 0 ≤ θ < π)

σ̇1 =

[

α − Rk sin(θ) +
1

2
sin(−2θα)

]

θ̇, (22)

and (for −π < θ ≤ 0)
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σ̇2 =

[

α − Rk sin(θ) +
1

2
sin(−2θα)

]

θ̇, (23)

with which we plot the values of σ̇1/θ̇ versus θ for θ̇ ̸= 0 on a diagram in Figure 3 for
α = −1/2, and in Figure 4 for α = −1/3.

0 50 100 150

−1

−0.5

0

θ

σ̇
1
/

θ̇
Rk =
0.0001
0.02
0.04
0.1
0.2
0.3
0.4

0.45
0.5

0.55
0.6
0.7
1.0

Figure 3. The plot of σ̇1/θ̇ versus θ for θ̇ ̸= 0 (see Equation (22)) for different values of Rk when

α = −1/2.

0 50 100 150
−1

−0.5

0

θ

σ̇
1
/

θ̇

Rk =
0.0001
0.02
0.04
0.1
0.2
0.3
0.4

0.45
0.5

0.55
0.6
0.7
1.0

Figure 4. The plot of σ̇1/θ̇ versus θ for θ̇ ̸= 0 (see Equation (22)) for different values of Rk when

α = −1/3.

We need to determine the range of values for R in which the AB effect can be detected.
This depends on the magnetic field and how much R is within the excluded region. A
more precise question would be the following: with a given flux parameter α, how can we
determine the maximum or critical R to ensure that it remains in the exclusive region?

Looking at the graph in Figure 3, one can see that the function σ̇1/θ̇ is concave (i.e.,
the extreme is a maximum) until a certain value Rk = Rcritk, when it becomes a horizontal
line. After this, i.e., when R > Rcrit, increasing Rk would make the function convex, that
is, the extreme is a minimum. On the other hand, a similar feature can be observed in the
graph in Figure 4 but slanting upward (from the left) in a pattern instead of just symmetric
along the horizontal.

We propose that for α = −1/2, together with a given value of k, Rcrit entails a unique
radius R, at which the bound state AB effect cannot be detected, that is, the magnetic field
lines pass through this radius, and thus are not magnetically excluded. Beyond Rcrit, the
bound state AB effect resumes as there are no magnetic field lines in the region once again.
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Although for α ̸= −1/2, for example, α = −1/3, the function σ̇1/θ̇ is not as symmetrical
as that for α = −1/2; however, the critical radius, Rcrit, can still indicate the “flipping”
behavior, which is only attributable to the presence of the magnetic field lines.

We now carefully examine such values of R that are “candidates” for Rcrit in the
diagram in Figure 5. We, therefore, determine that in our model, Rcrit = 0.5/k for α = −1/2.
Pretty much in the same manner, we can find for α = −1/3 that Rcrit ≈ 0.22/k using the
diagram in Figure 6.

0 20 40 60 80

−0.7

−0.6

−0.5

−0.4

θ

σ̇
1
/

θ̇

Rk =
0.4
0.45
0.5

0.55
0.6
0.7

Figure 5. Finding Rcrit in the plot of σ̇1/θ̇ versus θ for θ̇ ̸= 0 for different values of Rk when

α = −1/2.

0 50 100 150

−0.2

0.0

θ

σ̇
1
/

θ̇

Rk =
0.18

0.2
0.22
0.24
0.26

Figure 6. Finding Rcrit in the plot of σ̇1/θ̇ versus θ for θ̇ ̸= 0 for different values of Rk when

α = −1/3.

2.1. The Critical Coupling Strength

In order to find the synchronization condition using the KM, at first we have to
introduce the order parameter ρ ∈ [0, 1], which measures the degree of synchronization,
e.g., Refs. [5,23]:

ρeiζ−σi =
1

N

N

∑
j=1

eiσj−σi , i = 1, 2, . . . , N, (24)

where ζ ∈ R is the average phase of the oscillators. Equating the imaginary part of both
sides of Equation (24), we have

ρ sin(ζ − σi) =
1

N

N

∑
j=1

sin(σj − σi). (25)

With Equation (25), we may rewrite Equation (1) as

σ̇i = ωi + Kρ sin(ζ − σi). (26)
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Now, Equation (24) represents a mean field with which the phase oscillators “interact”.
If the function K(t) is small, then Equation (26) implies σ̇i ≈ ωi, which means that the
oscillator does not interact much with the mean field. On the other hand, if K is large, then
σi is entrained by the mean field. This entrainment in the long run produces order (i.e.,
synchronization) starting from a certain form of disorder (i.e., incoherence) on the phase
oscillators. The threshold between these two states (synchronization/incoherence) occurs
at a critical coupling strength coefficient, denoted by Kcrit.

Looking at Equation (26) and the fact that ρ ≤ 1, one can distinguish two regimes in
terms of K for i ̸= j:

• Case 1. K < |ωi −ωj|/2, then no solution of Equation (26) of the form σ̇i(t)− σ̇j(t) = 0
exists.

• Case 2. K ≥ |ωi − ωj|/2, then the solution exists, and the oscillators can synchronize.
This case also provides a lower bound for Kcrit.

In our case, Kcrit, which is the threshold for the jump from the state of incoherence to
that of bound state AB effect synchronization, has the form

K ≥ Kcrit :=
|ω2 − ω1|

2
= |αθ̇|. (27)

This further implies that
|θ̇|
2

≥ |αθ̇|, (28)

and so the threshold from incoherency to synchronization based on this KM of the bound
state AB effect occurs when

|α| ≤ 1

2
. (29)

This means, for example, if we use an electron as the moving charged particle (the
detector), and the source of the magnetic flux is a particle with charge ne, then synchro-
nization can occur for |n| ≥ 2, as specified in Equation (29). The condition in Equation (29)
confirms that our version of the KM agrees with the physics of the bound state AB effect
in that we have obtained the synchronization condition that coincides with the allowable
values of α for the AB effect to occur in the case when the detecting particle is the electron.

2.2. A More General Case

We now write a more general form of the KM, i.e., when |θ1| is not necessarily equal
to |θ2| (0 ≤ θ1 < π and −π < θ2 ≤ 0):

σ̇1 =

[

α − Rk sin(θ1) +
1

2
sin(σ2 − σ1)

]

θ̇1, (30)

and

σ̇2 =

[

α − Rk sin(θ2)−
1

2
sin(σ2 − σ1)

]

θ̇2, (31)

yielding more general conditions for synchronization in terms of the critical coupling
strength coefficient Kcrit, gen:

1

2
θ̇1 =: K1 ≥ Kcrit, gen :=

1

2

∣

∣

∣

∣

∣

α
(

θ̇2 − θ̇1

)

− Rkθ̇2 sin(θ2) + Rkθ̇1 sin(θ1)

∣

∣

∣

∣

∣

, (32)

and

−1

2
θ̇2 =: K2 ≥ Kcrit, gen. (33)
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In the most general case of N electrons, our version of the KM has the form

σ̇i =

[

α − Rk sin(θi) +
1

N

N

∑
j=1

sin
(

σj − σi

)

]

θ̇i. (34)

3. Discussion and Outlook

We have derived a version of the KM (see Equations (22) and (23)), which is capable
of describing the phase of the bound state AB effect, starting from the expression of the
overall wave function for the scattering problem of the quantum system, e.g., Section 4 of
Ref. [1].

In this model, to observe the AB effect with an electron as the detecting charged
particle, for a non-zero angular velocity θ̇ and for α = −1/2, the radius R of the circular
path through which the electron can orbit around the solenoid, which has a constant
magnetic flux φ, should be such that R < Rcrit = 0.5/k.

Notice that, when α = −1/2 at R = Rcrit, σ̇i/θ̇ becomes constant w.r.t. θ. We interpret
this as the radius through which the magnetic field lines pass, making it magnetically
included. When R > Rcrit and α = −1/2, the function σ̇i/θ̇ “flips” w.r.t. that when
R < Rcrit, indicating its behavior beyond the magnetic field region. In this model, the
magnetic field region is concentrated at Rcrit, which means that the field lines in that area
are uniformly vertical, perpendicular to the trajectories of the electrons. This suggests that
for α = −1/2, our KM yields the characteristics we desire in the quantum system. For
instance, it ensures that the solenoid is sufficiently long and its radius is small enough to
create uniform magnetic field lines that pass along its sides at Rcrit. The “flipping” behavior
only confirms that indeed Rcrit is the “interface” between the two regions (i.e., less than
and beyond the magnetic field) when α = −1/2. In other words, utilizing our KM, we can
now understand the magnetically excluded and “included” regions for α = −1/2.

In the case of α = −1/3, the graph of the function σ̇i/θ̇ is not as symmetric as that of
α = −1/2, due to the fact that sin(−2θα) ̸= sin(θ); however, the radius Rcrit ≈ 0.22/k still
indicates the magnetic field region, see Figures 4 and 6.

One can approximately express the incident wave vector of the electron as k = 2π/λ0,
where λ0 is the de Broglie wavelength of the incident electron given by (see, e.g., Ref. [24])
λ0 = 2πh̄/(m0R|θ̇0|), θ̇0 ∈ R \ {0}, with m0 being the mass of the electron and θ̇0 its
initial angular velocity. Then, for α = −1/2, we can have an expression for Rcrit in terms
of θ̇0:

Rcrit = C
√

0.5
(

|θ̇0|
)−1/2

, (35)

where C =
√

h̄/m0.
For any “allowable” values of α (see, e.g., Table 1), we notice that as Rk → 0, the

function σ̇i/θ̇ versus θ converges into one single plot; see and compare when Rk = 0.0001
and Rk = 0.02 in both Figures 3 and 4. Beyond the magnetic field lines (i.e., R > Rcrit),
it can be seen that for α = −1/2 the function σ̇i/θ̇ at R = 1/k is symmetric w.r.t. R → 0;
any R larger than this would render behavior that is no longer symmetrical to that as
R → 0. Further analysis of these graphs, or as an extension of the current study, would
provide valuable insights into the behavior of the detecting electron well beyond this region,
specifically R ≫ Rcrit.

In addition, the condition for the system to undergo a synchronization is |α| ≤ 1/2,
implying that the magnetic flux has the form φ = φ0/n with |n| ≥ 2. Since the synchroniza-
tion coincides with the condition (see Equation (29)) when α yields a detectable AB effect
we, therefore, say that in our KM, a synchronization means the detection of the AB effect,
while incoherence does not involve the AB effect. We have also generalized our model into
N electrons (or, in general, N charged particles); see Equation (34).

This study also shows that the KM can be derived from a quantum mechanical system
with central symmetry (similar to that of the bound state Aharonov–Bohm effect with
constant radius and magnetic flux), by expressing its wave function in terms of the incident
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wave function and the scattered wave function; see Appendix A for the outline of a slightly
different alternative derivation of the KM.
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Appendix A. Alternative Derivation of the Kuramoto Model

Let t ∈ [0, T], T > 0, be the time of interference, ϑi := σi/2, and f = f (ϑj(t) −
ϑi(t)) ∈ R be a function that contains the information related to the AB effect, de-
scribed by the phase difference ϑj(t)− ϑi(t). Furthermore, looking at Equation (10), let
B(t) = B0(t) f (ϑj(T)− ϑi(T)) in order to identify f . Then, we propose that, from the gen-
eral expression of the wave function of a quantum mechanical system, which is symmetrical
in the polar coordinates, of the form in Equation (6), one can formulate a version of the KM
of the form

ϑ̇i(t) = ωinc,i +
2

N
ωscatt,i

N

∑
j=1

f (ϑj(t)− ϑi(t)), (A1)

to describe the phase dynamics of the system. In our case N = 2, we can identify through
Equations (2) and (8) that

f (ϑ1(T)− ϑ2(T)) = sin(πα).

Therefore, with Equation (A1), we could also have a version of the KM for the bound
state AB effect as given in Equation (34).

Also, in our case it is important to note that ωinc,i = (1 − kyi/α)VAB,i, where
yi = R sin(θi) and VAB,i = αθ̇i. Here, VAB,i represents the potential energy of the sys-
tem; see, e.g., Ref. [19].
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