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Abstract

This study investigates server-specific delay tolerance and natural recovery in a three-server
fork–join production system modeled with max-plus algebra. The system has two parallel
servers synchronized by a join server and is analyzed in the canonical regime where the
second-server self-loop is the unique critical circuit. Using max-plus spectral theory, critical-
circuit margins, relative-delay recurrences, and computational validation, we examine a single
additive event-time delay introduced after the nominal trajectory has entered the eigenvector
regime. Every positive delay at the critical server propagates permanently, so its tolerance
threshold is zero. At the two non-critical servers, exact finite thresholds are determined by the
available margins between the critical circuit and competing non-critical paths. Delays not
exceeding these thresholds are naturally absorbed without switching or control intervention,
and a finite upper bound on the recovery time is established from a two-cycle contraction
argument. Numerical tests across three admissible parameter sets confirm below-threshold
recovery, boundary recovery, above-threshold propagation, and invariance with respect to the
delay cycle and eigenvector translation. These results provide a precise event-level robustness
characterization for the stated canonical fork–join regime.
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Natural recovery time.
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1. Introduction
Modern production networks involve increasingly complex synchronized process flows. Compo-
nents may be processed in parallel, subsequently merged, subjected to inspection processes that
temporarily halt the flow, or assembled into batches at later stages [1, 2]. Such characteristics
constitute a class of discrete-event systems. Max-plus algebra provides an effective theoretical
framework for analyzing these dynamics through linear representations based on the operations
of maximization and addition. In synchronized discrete-event systems, event times serve as
state variables, while the operations of maximization and addition represent synchronization
mechanisms and the accumulation of product processing times, respectively [3–6]. Furthermore,
max-plus spectral theory provides a fundamental basis for analyzing asymptotic periodicity and
critical graphs that characterize the paths dominating production dynamics [4, 7, 8].

The performance of servers in production systems often fails to operate consistently under
nominal conditions. Variations in processing times, technical disruptions, and material delays
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are among the factors that contribute to scheduling delays in certain servers. At the operational
level, such perturbations may lead to delay propagation and increased operational costs [9, 10].

Earlier work by Putra and Rudhito [11] examined delay propagation in a three-server
production system and used server switching, implemented by accelerating selected processing
times, to restore schedules after propagative delays. The present article addresses a different
question: the nominal max-plus dynamics are kept fixed, a single additive event-time delay is
introduced at one specified server, and the objective is to determine the exact delay magnitude
that can be absorbed naturally before the delay reaches and persists at the critical server. This
distinction isolates intrinsic delay absorption under unchanged dynamics from recovery achieved
through an external switching intervention.

Research on max-plus algebra in synchronization analysis has primarily focused on solution
method and network optimization [12–14]. Previous studies have also examined robustness and
perturbation bounds for max-plus systems. Global robustness of max-plus linear systems is
formulated in terms of state variables remaining unchanged under bounded perturbations of
system parameters [15, 16]. The q-step extension allows the relevant state components to become
unchanged after a finite number of steps under such bounded parameter perturbations [17, 18].
These formulations therefore concern admissible perturbations of model parameters and state
invariance properties. By contrast, the perturbation considered in this study leaves the matrix A
unchanged and modifies one event time at one server by an additive amount δ. The quantities
sought are consequently server-specific propagation thresholds and the number of cycles required
for natural recovery. Switching max-plus frameworks and feedback or control studies address yet
another objective: adapting modes, supervisory responses, or control decisions to disturbances
and changing requirements [19–23].

Accordingly, the research gap addressed in this article is not a general absence of max-plus
robustness theory, but the absence, within the specific canonical fork–join setting considered
here, of closed-form server-level thresholds for a one-time additive event delay together with a
finite-cycle recovery guarantee under unchanged nominal dynamics. The contribution is fourfold:
(i) an additive single-delay model tied to a specified server and cycle; (ii) exact propagation
thresholds ∆∗

2 = 0, ∆∗
3 = s32, and ∆∗

1 = s13 + s32 derived from critical-circuit margins; (iii) the
natural-recovery bound 2⌈δ/τd2⌉ for threshold-admissible delays at non-critical servers; and (iv)
computational validation of below-threshold, boundary, and above-threshold behavior across
several admissible parameter sets. These claims are restricted to the canonical unique-critical-
self-loop configuration and to delays introduced after the nominal trajectory has entered the
max-plus eigenvector regime.

This article therefore aims to determine which servers in a three-server fork–join production
system tolerate a one-time additive delay, to identify the exact threshold separating natural
absorption from permanent propagation, and to bound the recovery time when the delay is
non-propagative. The remainder of the paper is organized as follows. Section 2 presents the
model and definitions, Section 3 develops the threshold and recovery analysis, and Section 4
concludes the paper. This organization separates the model specification from the threshold
derivation, computational validation, and final synthesis.

2. Methods
This study is theoretical and analytical. The object of analysis is a three-server fork–join
production system represented as a max-plus linear discrete-event system. The derivation proceeds
by specifying the nominal max-plus model, defining a single delay perturbation, introducing
delay tolerance and recovery concepts, and then analyzing delay trajectories under a canonical
critical-circuit configuration. The proof strategy first identifies the canonical critical circuit,
establishes persistence of the nominal eigenvector regime, derives a relative-delay recurrence, and
then uses monotonicity and two-cycle contraction to obtain the threshold and recovery results.
Computational checks subsequently evaluate the analytical predictions for below-threshold,
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boundary, and above-threshold delays and verify invariance with respect to the delay cycle and
eigenvector translation. Throughout the threshold analysis, the perturbation is an additive
event-time delay and the nominal trajectory is assumed to be in the eigenvector regime before
the perturbation is applied.

Let Rmax = R∪{ε}, where ε = −∞. For a, b ∈ Rmax, the max-plus addition and multiplication
are defined by a ⊕ b = max{a, b} and a ⊗ b = a + b, respectively. Matrix-vector multiplication is
defined using these operations in the usual way.

The three-server fork–join system consists of two parallel servers followed by one synchroniza-
tion server, as illustrated in Fig. 1. The processing time of server i is denoted by di ∈ R>0 for
i = 1, 2, 3, and the transfer or synchronization time is denoted by tj ∈ R≥0 for j = 1, 2, 3, 4, 5.
If xi(k) denotes the event time of server i in cycle k, then the cycle-to-cycle dynamics are first
written componentwise as

x1(k + 1) = max{x1(k) + d1, x3(k) + t1 + d3 + t5}, (1)
x2(k + 1) = max{x2(k) + d2, x3(k) + t2 + d3 + t5}, (2)
x3(k + 1) = max{x1(k) + d1 + t3, x2(k) + d2 + t4, x3(k) + d3}. (3)

Eqs. (1)–(3) make explicit the dependencies represented in the state matrix. The first two
equations combine the availability of each fork server with the inter-cycle release/feedback
dependency from the preceding join-output cycle. The third equation represents the synchroniza-
tion at server 3 of the two fork branches, together with the self-dependency of server 3. Thus
Fig. 1 depicts the within-cycle process flow, whereas Eqs. (1)–(3) also record the cross-cycle
dependencies needed for the discrete-event state recursion.

Collecting these three scalar recurrences gives the nominal max-plus system. Here x(k) =
[x1(k), x2(k), x3(k)]T denotes the event-time state vector at cycle k. The recursion is

x(k + 1) = A ⊗ x(k), (4)

where

A =

⎡⎢⎣ d1 ε t1 + d3 + t5
ε d2 t2 + d3 + t5

d1 + t3 d2 + t4 d3

⎤⎥⎦ . (5)

Eqs. (4) and (5) define the nominal cycle-to-cycle recursion and its max-plus state matrix,
respectively.

P1
d1

P2
d2

P3
d3

u(k) y(k)

t1

t2

t3

t4

t5

Fig. 1: Process diagram of the three-server fork–join production system. The arrows depict the within-
cycle material/process flow; the cross-cycle release dependencies that generate the feedback entries of the
max-plus state matrix are stated explicitly in Eqs. (1)–(3).

For notational simplicity, define

α1 = t1 + d3 + t5, α2 = t2 + d3 + t5, β1 = d1 + t3, β2 = d2 + t4. (6)

Then

A =

⎡⎢⎣d1 ε α1
ε d2 α2
β1 β2 d3

⎤⎥⎦ . (7)
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The abbreviations introduced in Eq. (6) give the compact matrix representation in Eq. (7).
The non-ε off-diagonal entries have a direct event-time interpretation. The entries A13 = α1 =
t1 +d3 +t5 and A23 = α2 = t2 +d3 +t5 encode the cross-cycle release dependency from completion
of the preceding join cycle to the next activation of fork servers 1 and 2, respectively. The entries
A31 = β1 = d1 + t3 and A32 = β2 = d2 + t4 encode the two forward branch-to-join synchronization
dependencies. Thus the “feedback” represented by A13 and A23 is a temporal release constraint
between production cycles, not a reverse material-flow arrow in Fig. 1.

The precedence graph G(A) associated with Eq. (7) is shown in Fig. 2. Its elementary circuits
determine the possible max-plus eigenvalues and critical circuits of the system. This graph
representation provides the structural basis for the circuit classification used in the threshold
analysis.

1 2

3

α1

β1

α2

β2

d1 d2

d3

Fig. 2: Precedence graph of the matrix A.

Definition 1 (Single additive delay). Let x(k0) be the nominal event-time state at cycle
k0. A single additive delay of magnitude δ ∈ R>0 at server i is defined componentwise by

˜︁xj(k0) =
{︄

xi(k0) + δ, j = i,

xj(k0), j ̸= i.
(8)

After the perturbation, the perturbed trajectory evolves under the same nominal dynamics,

˜︁x(k + 1) = A ⊗ ˜︁x(k), k ≥ k0. (9)

Eqs. (8) and (9) specify, respectively, the one-time event perturbation and the unchanged
post-perturbation dynamics. The delay is called non-propagative if there exists N ≥ k0
such that ˜︁x(k) = x(k) for every k ≥ N .

Definition 2 (Delay tolerance threshold). For each server i ∈ {1, 2, 3}, and within the
nominal eigenvector regime specified below, define the set of positive tolerable delays by

Ti =
{︃

δ ∈ R>0 : for every admissible delay cycle k0, the delay δ at server i
is non-propagative

}︃
. (10)

The delay tolerance threshold is then

∆∗
i = sup

(︁
{0} ∪ Ti

)︁
. (11)

Thus Eq. (10) defines the admissible positive delays, while Eq. (11) converts that set into a
server-specific threshold.
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Definition 3 (Natural recovery time). Suppose that a single additive delay of magnitude
δ > 0 occurs at server i at an admissible cycle k0. If the perturbed trajectory eventually
coincides permanently with the nominal trajectory, define

Nmin
i (δ) = min {n ∈ Z>0 : ˜︁x(k) = x(k) for every k ≥ k0 + n} . (12)

If no such integer exists, set Nmin
i (δ) = ∞. Thus Eq. (12) defines Nmin

i (δ) as the number
of production cycles after the delay cycle k0 required for permanent return to the nominal
trajectory.

3. Results and Discussion
The analysis begins with the classification of the possible critical-circuit configurations of the
system. This classification provides the structural basis for identifying the canonical critical case
considered in the subsequent delay-tolerance and natural-recovery analysis.

3.1. Classification of critical circuits
The max-plus eigenvalue of an irreducible matrix is the maximum mean weight of all elementary
circuits in the associated precedence graph. For the graph in Fig. 2, the elementary circuits are
c1 = (1), c2 = (2), c3 = (3), c13 = (1, 3, 1), and c23 = (2, 3, 2). Writing µ(c) for the mean weight
of a circuit c, their mean weights are d1, d2, d3, (α1 + β1)/2, and (α2 + β2)/2, respectively.

Lemma 1. The max-plus eigenvalue of the matrix A is

λ(A) = max
{︃

d1, d2, d3,
α1 + β1

2 ,
α2 + β2

2

}︃
. (13)

Proof. Graph G(A) in Fig. 2 is a strongly connected graph. It implies that the matrix A
is irreducible. The max-plus eigenvalue λ(A) is the maximum of the average weights of
elementary circuits on G(A). All possible elementary circuits on the graph G(A) are

c1 = (1), c2 = (2), c3 = (3), c13 = (1, 3, 1), c23 = (2, 3, 2).

The average weight of each circuit is

µ(c1) = d1, µ(c2) = d2, µ(c3) = d3, µ(c13) = α1 + β1
2 , µ(c23) = α2 + β2

2 .

Hence,
λ(A) = max

{︃
d1, d2, d3,

α1 + β1
2 ,

α2 + β2
2

}︃
.

□

Definition 4 (Critical server). A server i is called critical if vertex i is included in at least
one critical circuit of G(A). The set of all critical servers is denoted by Scrit.

From the definition, server 1 is critical if and only if λ(A) = d1 or λ(A) = (α1 + β1)/2. Server
2 is critical if and only if λ(A) = d2 or λ(A) = (α2 + β2)/2. Server 3 is critical if and only if
λ(A) = d3, λ(A) = (α1 + β1)/2, or λ(A) = (α2 + β2)/2.

Equation (13) gives several possible critical-circuit configurations. The critical circuit may
correspond to a single elementary circuit of G(A), although multiple critical circuits may also
exist. There are 25 − 1 possible nonempty subsets of elementary circuits according to the power
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set. The conditions in the definition of a critical server reduce the feasible space, because some
sets of critical circuits cannot occur. For example, the family

A = {{c1, c3}, {c2, c3}, {c1, c2, c3}, {c1, c3, c23}, {c2, c3, c13}, {c1, c2, c3, c13}, {c1, c2, c3, c23}}

is infeasible as a family of critical circuits of G(A). Therefore, the total number of possible sets
of critical circuits is 24. Under the symmetry of the fork branches, the feasible critical-circuit
configurations can be grouped into 15 classes, as shown in Table 1.

Table 1: Class of critical circuit configurations

Class Set of critical circuits

K1 {{c1}, {c2}}
K2 {{c3}}
K3 {{c13}, {c23}}
K4 {c1, c2}
K5 {{c1, c13}, {c2, c23}}
K6 {{c1, c23}, {c2, c13}}
K7 {{c3, c13}, {c3, c23}}
K8 {c13, c23}
K9 {{c1, c2, c13}, {c1, c2, c23}}
K10 {{c1, c3, c13}, {c2, c3, c23}}
K11 {{c1, c13, c23}, {c2, c13, c23}}
K12 {c3, c13, c23}
K13 {c1, c2, c13, c23}
K14 {{c1, c3, c13, c23}, {c2, c3, c13, c23}}
K15 {c1, c2, c3, c13, c23}

The 15 classes in Table 1 provide structural context for the possible critical-circuit configura-
tions; the present article does not claim delay-threshold results for all of them. The analysis is
restricted to class K1, in which the unique critical circuit is a self-loop on one of the two parallel
fork servers, namely {c1} or {c2}. This restriction keeps the subsequent threshold statements
tied explicitly to the canonical unique-critical-self-loop regime.

Class K1 is selected as the focus because it is the canonical configuration in which criticality
is localized at a single fork-server self-loop while all competing circuits are strictly non-critical.
This structure isolates the transmission of a localized event-time delay relative to a single critical
server and yields strictly positive critical-circuit margins that can be used to derive closed-form
delay recurrences, exact server-specific tolerance thresholds, and a finite natural-recovery bound.
It therefore provides a mathematically tractable baseline for identifying the threshold mechanism
before considering configurations with critical two-vertex circuits or multiple critical circuits,
whose delay interactions require separate analysis.

Owing to the symmetry of the fork section, it is sufficient to analyze {c2} as the canonical
representative. The corresponding result for the branch-interchanged case {c1} follows by the
symmetry transformation established below. Other single- or multiple-critical-circuit classes are
outside the scope of the current paper.

3.2. Branch symmetry and canonical critical case

Theorem 1 (Branch symmetry). Let

J = {x1, x2, d1, d2, t1, t2, t3, t4, α1, α2, β1, β2}.

Define the involution S on J by the branch-index permutation 1 ↔ 2 and 3 ↔ 4. Then the
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matrix A is invariant up to permutation under the transformation S.

Proof. The image of the matrix A in Eq. (5) under the transformation S is

S(A) =

⎡⎢⎣ d2 ε t2 + d3 + t5
ε d1 t1 + d3 + t5

d2 + t4 d1 + t3 d3

⎤⎥⎦ =

⎡⎢⎣d2 ε α2
ε d1 α1
β2 β1 d3

⎤⎥⎦ .

If

P =

⎡⎢⎣ε 0 ε
0 ε ε
ε ε 0

⎤⎥⎦ ,

then
A = P ⊗ S(A) ⊗ P.

Because P is the max-plus permutation matrix that exchanges the first two coordinates and
satisfies P −1 = P , the identity above shows that A and S(A) are permutation-similar. Hence
exchanging the two fork branches preserves the max-plus spectral and delay-propagation
structure used below. □

We now assume that the self-loop c2 is the unique critical circuit. Thus,

d2 > max
{︃

d1, d3,
α1 + β1

2 ,
α2 + β2

2

}︃
. (14)

Condition (14) is the canonical K1 case treated in the remainder of the analysis. All threshold
and recovery statements below are to be understood under this unique-critical-self-loop condition,
unless explicitly stated otherwise. The relevant positive margins are defined by

σ1 = d2 − d1, σ3 = d2 − d3, s13 = 2d2 − α1 − β1, s32 = d2 − α2 − t4. (15)

These margins measure the separation between the critical self-loop and the other elementary
paths that can transmit a delay.

Lemma 2. If d2 is the max-plus eigenvalue of A under Eq. (14), then

v =

⎡⎢⎣α1 + t4 − d2 + s
s

t4 + s

⎤⎥⎦ , s ∈ R, (16)

is a max-plus eigenvector associated with λ = d2.

Proof. Suppose v =
[︂
v1 v2 v3

]︂T
is a max-plus eigenvector corresponding to the max-plus

eigenvalue λ = d2. Then ⎡⎢⎣d1 ε α1
ε d2 α2
β1 β2 d3

⎤⎥⎦ ⊗

⎡⎢⎣v1
v2
v3

⎤⎥⎦ = d2 ⊗

⎡⎢⎣v1
v2
v3

⎤⎥⎦ ,

or equivalently ⎡⎢⎣ max{d1 + v1, α1 + v3}
max{d2 + v2, α2 + v3}

max{β1 + v1, β2 + v2, d3 + v3}

⎤⎥⎦ =

⎡⎢⎣d2 + v1
d2 + v2
d2 + v3

⎤⎥⎦ .
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The first component of the vector implies

max{d1 + v1, α1 + v3} = d2 + v1.

Then
max{d1 + v1, α1 + v3} = α1 + v3

because d2 > d1. Therefore,
α1 + v3 = d2 + v1. (17)

The second component does not provide much information because

max{d2 + v2, α2 + v3} = d2 + v2.

The last component yields the following relationship:

max{β1 + v1, β2 + v2, d3 + v3} = d2 + v3.

The equality
max{β1 + v1, β2 + v2, d3 + v3} = d3 + v3

is impossible because d2 > d3. Hence,

max{β1 + v1, β2 + v2} = d2 + v3.

Assume that β1 + v1 = d2 + v3. Substituting this equality into Eq. (17) gives

β1 + (α1 + v3 − d2) = d2 + v3,

so
α1 + β1 = 2d2.

This is impossible because s13 > 0. Therefore,

max{β1 + v1, β2 + v2, d3 + v3} = β2 + v2 = d2 + v3.

Since β2 = d2 + t4, we obtain
t4 + v2 = v3. (18)

Choose v2 = s ∈ R. From Eqs. (17) and (18), we obtain

v1 = α1 + t4 + s − d2 and v3 = t4 + s.

Hence, the max-plus eigenvector corresponding to the max-plus eigenvalue λ = d2 is precisely
the vector stated in Eq. (16). □

Assumption 1 (Nominal eigenvector regime). There exists a cycle ks and a scalar ss ∈ R
such that the nominal state has reached an eigenvector associated with the unique eigenvalue
d2,

x(ks) =

⎡⎢⎣α1 + t4 − d2 + ss

ss

t4 + ss

⎤⎥⎦ . (19)

The nominal state in Eq. (19) fixes the eigenvector regime used throughout the perturbation
analysis. The single additive delay considered in this article is introduced only at a cycle
k0 ≥ ks. No claim is made for a delay introduced during an arbitrary transient state before
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the nominal trajectory reaches this regime.

Lemma 3 (Persistence of the nominal eigenvector regime). Under Eq. (14) and Assump-
tion 1, for every integer m ≥ 0,

x(ks + m) = d⊗m
2 ⊗ x(ks) =

⎡⎢⎣α1 + t4 − d2 + ss + md2
ss + md2

t4 + ss + md2

⎤⎥⎦ . (20)

Hence the nominal trajectory remains in the same max-plus eigenvector class for every
k ≥ ks.

Proof. By the preceding eigenvector lemma,

A ⊗ x(ks) = d2 ⊗ x(ks).

For m = 0, Eq. (20) is immediate. Assume it holds for some m ≥ 0. Using max-plus
homogeneity,

x(ks + m + 1) = A ⊗ x(ks + m)
= A ⊗

(︁
d⊗m

2 ⊗ x(ks)
)︁

= d⊗m
2 ⊗

(︁
A ⊗ x(ks)

)︁
= d

⊗(m+1)
2 ⊗ x(ks).

Thus Eq. (20) follows by induction. In ordinary arithmetic, multiplication by d⊗m
2 adds

md2 to every finite component, which gives the displayed vector form. □

3.3. Delay trajectory in the canonical case
Let ˜︁x(k) be the perturbed trajectory generated from an additive delay at an admissible cycle
k0 ≥ ks. Define the componentwise delay magnitudes by

p(k) = ˜︁x1(k) − x1(k), q(k) = ˜︁x2(k) − x2(k), r(k) = ˜︁x3(k) − x3(k). (21)

Because ˜︁x(k0) ≥ x(k0) componentwise and the max-plus map z ↦→ A ⊗ z is monotone, it follows
that

p(k) ≥ 0, q(k) ≥ 0, r(k) ≥ 0, k ≥ k0. (22)
The non-negativity property in Eq. (22) is used throughout the delay-propagation analysis below.
Immediately after a single delay of magnitude δ at cycle k0, the initial delay vector is

(p(k0), q(k0), r(k0)) =

⎧⎪⎪⎨⎪⎪⎩
(δ, 0, 0), delay at server 1,

(0, δ, 0), delay at server 2,

(0, 0, δ), delay at server 3.

(23)

Eqs. (21)–(23) define the relative-delay state, its non-negativity, and the three possible single-
server initial perturbations. The next lemma is therefore stated under the unique-critical-self-loop
condition (14), Assumption 1, and the nominal-regime persistence established in Lemma 3.

Lemma 4 (Delay recurrence). Assume Eq. (14) and Assumption 1. By Lemma 3, the
nominal trajectory satisfies the eigenvector representation in Eq. (20) and the relations in
Eqs. (17) and (18). If a single additive delay is introduced at any admissible cycle k0 ≥ ks,
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then for every k ≥ k0 the delay magnitudes satisfy

p(k + 1) = max{p(k) − σ1, r(k)}, (24)
q(k + 1) = max{q(k), r(k) − s32}, (25)
r(k + 1) = max{p(k) − s13, q(k), r(k) − σ3}. (26)

Proof. For the first component, Eqs. (1) and (9) give

˜︁x1(k + 1) = max{˜︁x1(k) + d1, ˜︁x3(k) + α1}.

By Eqs. (17) and (18), the nominal eigenvector regime satisfies

x1(k + 1) = x3(k) + α1 = x1(k) + d2.

Hence

p(k + 1) = ˜︁x1(k + 1) − x1(k + 1)
= max{x1(k) + p(k) + d1, x3(k) + r(k) + α1} − (x3(k) + α1)
= max{p(k) + d1 − d2, r(k)}
= max{p(k) − σ1, r(k)}.

For the second component,

˜︁x2(k + 1) = max{˜︁x2(k) + d2, ˜︁x3(k) + α2},

whereas the nominal eigenvector relations give x2(k +1) = x2(k)+d2 and x3(k) = x2(k)+ t4.
Therefore

q(k + 1) = max{x2(k) + q(k) + d2, x3(k) + r(k) + α2} − (x2(k) + d2)
= max{q(k), r(k) + α2 + t4 − d2}
= max{q(k), r(k) − s32}.

For the third component,

˜︁x3(k + 1) = max{˜︁x1(k) + β1, ˜︁x2(k) + β2, ˜︁x3(k) + d3}.

Since β2 = d2 + t4, the steady relations imply

x3(k + 1) = x2(k) + β2.

Moreover, using the nominal eigenvector relations and the definitions in Eq. (15),

x1(k) + β1 = x2(k) + β2 − s13, (27)
x3(k) + d3 = x2(k) + β2 − σ3. (28)

Using Eqs. (27)–(28), consequently,

r(k + 1) = ˜︁x3(k + 1) − x3(k + 1)
= max{p(k) − s13, q(k), r(k) − σ3}.

Thus Eqs. (24)–(26) hold for every k ≥ k0. □
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Lemma 5 (Two-cycle contraction and finite recovery). Let

M(k) = max{p(k), q(k), r(k)} and τd2 = min{σ1, σ3, s13} > 0. (29)

If q(k) = 0 for every k ≥ k0, then M(k) is non-increasing and satisfies

M(k + 2) ≤ max{M(k) − τd2 , 0}, k ≥ k0. (30)

Consequently, if M(k0) = M0, then

M(k0 + 2m) ≤ max{M0 − mτd2 , 0}, m ∈ Z≥0, (31)

and the perturbed trajectory reaches the nominal trajectory in finitely many cycles.

Proof. When q(k) = 0, Lemma 4 gives

p(k + 1) = max{p(k) − σ1, r(k)} ≤ M(k),

and
r(k + 1) = max{p(k) − s13, 0, r(k) − σ3} ≤ M(k).

Hence
M(k + 1) = max{p(k + 1), r(k + 1)} ≤ M(k),

so M(k) is non-increasing. Moreover, by the definition of τd2 in Eq. (29),

r(k + 1) ≤ max{M(k) − s13, 0, M(k) − σ3} ≤ max{M(k) − τd2 , 0}.

Using p(k + 1) ≤ M(k) and the recurrence once more,

p(k + 2) = max{p(k + 1) − σ1, r(k + 1)}
≤ max{M(k) − σ1, M(k) − τd2 , 0}
≤ max{M(k) − τd2 , 0},

while

r(k + 2) = max{p(k + 1) − s13, 0, r(k + 1) − σ3}
≤ max{M(k) − s13, 0, M(k) − τd2 − σ3}
≤ max{M(k) − τd2 , 0}.

Because q(k + 2) = 0, Eq. (30) follows. Iterating it yields Eq. (31). Taking

m =
⌈︃

M0
τd2

⌉︃
gives M(k0 + 2m) = 0. Since M(k) is non-increasing and nonnegative, M(k) = 0 for every
later cycle as well. Thus recovery is finite. □
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3.4. Delay tolerance thresholds and natural recovery

Lemma 6 (Persistence of delay at the critical server). Under Eq. (14) and Assumption 1,
the delay at server 2 satisfies

q(k + 1) ≥ q(k), k ≥ k0. (32)

Consequently, if q(k1) > 0 at any cycle k1 ≥ k0, then the perturbed trajectory can never
return to the nominal trajectory.

Proof. From the delay recurrence (25),

q(k + 1) = max{q(k), r(k) − s32} ≥ q(k).

This establishes Eq. (32), so q(k) is non-decreasing. If q(k1) > 0, then q(k) ≥ q(k1) > 0 for
every k ≥ k1. Hence ˜︁x2(k) ̸= x2(k) for all such k, so the perturbation is propagative by the
definition of a non-propagative delay. □

Theorem 2 (Zero tolerance at the critical server). Every positive additive delay at server
2 is propagative. Consequently,

∆∗
2 = 0. (33)

Proof. Let a delay δ > 0 be introduced at server 2 at an admissible cycle k0. By Eq. (23),

p(k0) = 0, q(k0) = δ, r(k0) = 0.

Since q(k0) = δ > 0, Lemma 6 implies that q(k) ≥ δ > 0 for every k ≥ k0. Therefore the
perturbed trajectory never coincides permanently with the nominal trajectory, and every
positive delay at server 2 is propagative. By the threshold definition (11), whose admissible
set always contains 0, it follows that ∆∗

2 = 0, which establishes Eq. (33). □

Theorem 3 (Exact thresholds at the non-critical servers). Under the canonical condi-
tion (14) and Assumption 1, the exact delay tolerance thresholds at servers 3 and 1 are

∆∗
3 = s32, ∆∗

1 = s13 + s32. (34)

Proof. We prove the two statements separately.

Server 3. Suppose a delay δ > 0 is introduced at server 3 at cycle k0. Then

p(k0) = q(k0) = 0, r(k0) = δ.

The recurrence (25) gives
q(k0 + 1) = max{0, δ − s32}. (35)

By Eq. (35), if δ > s32, then q(k0 + 1) = δ − s32 > 0. Lemma 6 therefore shows that the
delay is propagative.
Now assume 0 < δ ≤ s32. We prove by induction the invariant

q(k) = 0, 0 ≤ p(k) ≤ δ, 0 ≤ r(k) ≤ δ, k ≥ k0. (36)
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The invariant in Eq. (36) holds at k = k0. Suppose it holds at some k ≥ k0. Since
r(k) ≤ δ ≤ s32, Eq. (25) gives

q(k + 1) = max{0, r(k) − s32} = 0.

Furthermore, because σ1, σ3, s13 > 0,

p(k + 1) = max{p(k) − σ1, r(k)} ≤ δ

and
r(k + 1) = max{p(k) − s13, 0, r(k) − σ3} ≤ δ.

Thus the invariant holds for all k ≥ k0. In particular, the critical component remains
undelayed. Lemma 5 then implies finite recovery to the nominal trajectory. Hence every
δ ≤ s32 is non-propagative, whereas every δ > s32 is propagative, and therefore

∆∗
3 = s32.

Server 1. Suppose a delay δ > 0 is introduced at server 1 at cycle k0, so

p(k0) = δ, q(k0) = r(k0) = 0.

At the first subsequent cycle,

r(k0 + 1) = max{δ − s13, 0}, q(k0 + 1) = 0. (37)

At the next cycle,
q(k0 + 2) = max{0, δ − s13 − s32}. (38)

Eqs. (37)–(38) show that, if δ > s13 + s32, then q(k0 + 2) > 0, and Lemma 6 implies
propagation.
It remains to prove recovery when 0 < δ ≤ s13 + s32. Define

Rδ = max{δ − s13, 0}. (39)

For Rδ defined in Eq. (39), the threshold assumption gives Rδ ≤ s32. We show by induction
that, for every k ≥ k0,

q(k) = 0, 0 ≤ p(k) ≤ δ, 0 ≤ r(k) ≤ Rδ. (40)

The invariant in Eq. (40) holds at k = k0 because q(k0) = r(k0) = 0. Assume it holds at
cycle k. Since r(k) ≤ Rδ ≤ s32,

q(k + 1) = max{0, r(k) − s32} = 0.

Also,
p(k + 1) = max{p(k) − σ1, r(k)} ≤ max{δ, Rδ} = δ,

and

r(k + 1) = max{p(k) − s13, 0, r(k) − σ3}
≤ max{δ − s13, 0, Rδ} = Rδ.

Thus the invariant is preserved. Hence q(k) = 0 for every k ≥ k0, and Lemma 5 guarantees
finite recovery. Consequently every δ ≤ s13 + s32 is non-propagative, while every larger
delay is propagative. Therefore

∆∗
1 = s13 + s32.

This proves Eq. (34). □
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Theorem 4 (Natural recovery bound). Under the canonical condition (14) and Assump-
tion 1, a positive delay at the critical server satisfies

Nmin
2 (δ) = ∞, δ > 0. (41)

For a single additive delay at a non-critical server i ∈ {1, 3} satisfying 0 < δ ≤ ∆∗
i ,

Nmin
i (δ) ≤ 2

⌈︃
δ

τd2

⌉︃
, τd2 = min{σ1, σ3, s13}. (42)

Proof. For server 2, Theorem 2 shows that every δ > 0 is propagative. By Definition 3, the
trajectory never recovers permanently, so Nmin

2 (δ) = ∞, which proves Eq. (41).
Now let i ∈ {1, 3} and 0 < δ ≤ ∆∗

i . Theorem 3 and its proof show that q(k) = 0 for every
k ≥ k0. At the delay cycle, exactly one component has delay δ, hence

M(k0) = max{p(k0), q(k0), r(k0)} = δ.

Applying Eq. (31) with M0 = δ gives

M(k0 + 2m) ≤ max{δ − mτd2 , 0}.

Choose
m =

⌈︃
δ

τd2

⌉︃
.

Then mτd2 ≥ δ, so M(k0 + 2m) = 0. Because M is non-increasing and the zero delay state
is invariant under the recurrence, the perturbed and nominal trajectories coincide for all
subsequent cycles. Therefore

Nmin
i (δ) ≤ 2m = 2

⌈︃
δ

τd2

⌉︃
.

This establishes Eq. (42). The factor 2 lies outside the ceiling because Lemma 5 guarantees
a reduction of at least τd2 only after each pair of cycles. □

Table 2 summarizes the analytical consequences. It shows that the critical server has no
delay tolerance, while the non-critical servers may recover naturally as long as the delay remains
below the corresponding threshold. The same table records the finite recovery-time upper bound
established for threshold-admissible delays at the two non-critical servers.

Table 2: Summary of delay tolerance and natural recovery in the canonical case

Server Critical status Threshold Natural recovery time

1 Non-critical s13 + s32 Nmin
1 (δ) ≤ 2

⌈︃
δ

τd2

⌉︃
2 Critical 0 Nmin

2 (δ) = ∞

3 Non-critical s32 Nmin
3 (δ) ≤ 2

⌈︃
δ

τd2

⌉︃

3.5. Computational validation
Consider the parameters

d1 = 5, d2 = 8, d3 = 3, t1 = 1, t2 = 0, t3 = 2, t4 = 1, t5 = 1.
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Then α1 = 5, α2 = 4, β1 = 7, and β2 = 9. The average weights of the elementary circuits are

µ(c1) = 5, µ(c2) = 8, µ(c3) = 3, µ(c13) = 6, µ(c23) = 6.5.

Thus c2 is the unique critical circuit. Moreover, σ1 = 3, σ3 = 5, s13 = 4, s32 = 3, and τd2 = 3.
Therefore, ∆∗

2 = 0, ∆∗
3 = 3, and ∆∗

1 = 7.
Representative delay trajectories for the critical server and the two non-critical servers are

reported in Tables 3, 4, and 5. These trajectories illustrate the distinct behaviors predicted by
the analytical results: persistence at the critical server and finite recovery at threshold-admissible
non-critical servers. They also provide concrete cycle-by-cycle examples before the broader
boundary validation across multiple parameter sets.

Table 3: Delay trajectory for δ = 1 at server 2

Cycle (p(k), q(k), r(k)) Description

k0 (0, 1, 0) Delay starts at server 2
k0 + 1 (0, 1, 1) Delay propagates to server 3
k0 + 2 (1, 1, 1) Propagation reaches all servers
k0 + 3 (1, 1, 1) All servers remain delayed by δ
... (1, 1, 1) Delay propagation persists

Table 4: Delay trajectory for δ = 3 at server 3

Cycle (p(k), q(k), r(k)) Description

k0 (0, 0, 3) Delay starts at server 3
k0 + 1 (3, 0, 0) Delay shifts from server 3 to server 1
k0 + 2 (0, 0, 0) System returns to nominal operation

For server 3 with δ = 3, the system recovers within two cycles,

Nmin
3 (3) = 2 ≤ 2

⌈︃3
3

⌉︃
= 2.

Table 5: Delay trajectory for δ = 5 at server 1

Cycle (p(k), q(k), r(k)) Description

k0 (5, 0, 0) Delay starts at server 1
k0 + 1 (2, 0, 1) Delay is absorbed at server 1 while a delay emerges at server 3
k0 + 2 (1, 0, 0) Delay decreases at server 1 while server 3 returns to nominal operation
k0 + 3 (0, 0, 0) System returns to nominal operation

For server 1, the selected delay is within the tolerance threshold ∆∗
1 = 7. The system recovers

naturally after three cycles, while the corrected upper bound gives

Nmin
1 (5) = 3 ≤ 2

⌈︃5
3

⌉︃
= 4.

Thus the theorem provides an upper bound rather than an exact recovery formula in general.
The illustration confirms the theoretical distinction between critical and non-critical servers: a
positive delay at the critical server becomes persistent, whereas a threshold-admissible delay at a
non-critical server is absorbed in finite time.

To test the threshold formulas beyond a single numerical trajectory, the recurrence relations
and the original max-plus state equation were evaluated for three admissible parameter sets. Set
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Table 6: Parameter sets used for the computational validation

Set d1 d2 d3 t1 t2 t3 t4 t5

A 5 8 3 1 0 2 1 1
B 4 9 2 1 1 2 1 1
C 6 10 4 2 0 1 2 1

A is the parameter set used in the preceding illustration, whereas Sets B and C provide two
additional configurations with different processing and transfer times. All three sets satisfy the
strict unique-critical-self-loop condition in Eq. (14). The parameter values are listed in Table 6.

The margins and delay thresholds derived from these parameter sets are summarized in
Table 7; this table also records the largest competing circuit mean used to verify the canonical
regime. The quantities are computed from the same definitions used in the analytical derivation.
Their values provide the parameter-specific thresholds against which the subsequent boundary
tests are compared.

Table 7: Derived margins and thresholds for the validation sets

Set maxc̸=c2 µ(c) s13 s32 τd2 ∆∗
1 ∆∗

3

A 6.5 < 8 4 3 3 7 3
B 7 < 9 8 4 5 12 4
C 8.5 < 10 6 3 4 9 3

Here maxc̸=c2 µ(c) denotes the largest mean weight among all elementary circuits other than
c2; hence the strict inequalities in Table 7 independently verify that c2 is the unique critical
circuit in all three cases. We use the notation R(n) for recovery to the nominal trajectory after n
cycles and P for permanent propagation, distinguishing the latter from the permutation matrix
P used in the symmetry argument. Tables 8 and 9 test a delay just below the threshold, exactly
at the threshold, and just above the threshold.

Table 8: Boundary validation for delays introduced at server 1

Set ∆∗
1 δ = ∆∗

1 − 1 δ = ∆∗
1 δ = ∆∗

1 + 1

A 7 R(3) R(3) P
B 12 R(3) R(3) P
C 9 R(3) R(3) P

Table 9: Boundary validation for delays introduced at server 3

Set ∆∗
3 δ = ∆∗

3 − 1 δ = ∆∗
3 δ = ∆∗

3 + 1

A 3 R(2) R(2) P
B 4 R(2) R(2) P
C 3 R(2) R(2) P

The boundary transition is particularly transparent for Set A. At server 3,

(0, 0, 2) → (2, 0, 0) → (0, 0, 0), (0, 0, 3) → (3, 0, 0) → (0, 0, 0),

whereas the first super-threshold delay gives

(0, 0, 4) → (4, 1, 0) → (1, 1, 1) → (1, 1, 1) → · · · .

Thus δ = 3 is still recoverable, while δ = 4 creates a positive critical-server delay and becomes
permanent. Similarly, at server 1,

(7, 0, 0) → (4, 0, 3) → (3, 0, 0) → (0, 0, 0),
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while
(8, 0, 0) → (5, 0, 4) → (4, 1, 1) → (1, 1, 1) → · · · .

These trajectories directly verify the inclusiveness of the threshold values δ = ∆∗
i and the

propagative behavior immediately above them. A δ = 1 delay introduced at the critical server 2
remains propagative in Sets A, B, and C, consistently with ∆∗

2 = 0.
A second validation was performed by iterating the original max-plus matrix rather than only

the reduced delay recurrence. For Set A, the nominal system was initialized at three different
eigenvector shifts s0 and the same threshold delays were introduced at different cycles k0. The
resulting delay vectors were identical in all cases, as summarized in Table 10. This confirms
computationally that, within the stated eigenvector-regime scope, the threshold behavior is
invariant under max-plus translation of the eigenvector and under the choice of delay cycle.

Table 10: Direct max-plus validation for different eigenvector shifts and delay cycles in Set A

Initial shift s0 Delay cycle k0 Server 1, δ = 7 Server 3, δ = 3

0 0 R(3) R(2)
5 4 R(3) R(2)
12 9 R(3) R(2)

For each row of Table 10, direct max-plus iteration yields exactly the same relative-delay
sequences

(7, 0, 0) → (4, 0, 3) → (3, 0, 0) → (0, 0, 0)

for server 1 and
(0, 0, 3) → (3, 0, 0) → (0, 0, 0)

for server 3. The agreement of these sequences across the tested shifts and delay cycles is
consistent with the eigenvector-regime invariance established analytically. Consequently, the
expanded computations support all three aspects required by the theoretical results: the exact
threshold boundary, robustness across admissible parameter sets, and independence from k0 and
the eigenvector translation within the nominal steady regime.

3.6. Discussion
The max-plus eigenvalue determines the critical circuit and the periodic nominal regime on
which the present threshold analysis is based [24]. In the canonical unique-critical-self-loop
configuration treated here, every positive additive delay introduced at the critical server persists,
whereas delays introduced at the two non-critical servers are naturally recoverable when they
do not exceed the derived thresholds. The recovery mechanism is quantified by the two-cycle
contraction inequality (30): while the critical component remains undelayed, the maximum
delay magnitude decreases by at least τd2 after each pair of cycles. Consequently, recovery is
guaranteed within 2⌈δ/τd2⌉ cycles. This result is a sufficient upper bound, not an exact recovery
time for every parameter set and delay magnitude.

The results can be interpreted as a localized delay-tolerance analysis within the broader
literature on robustness of max-plus systems. In global and q-step robustness studies, bounded
perturbations are typically introduced at the level of system parameters, and robustness is
characterized by the invariance of all or selected state components, either immediately or after
finitely many steps [15–18]. The setting considered here is different in that the system matrix is
kept unchanged: the perturbation is applied once, directly to a single server event time, and
the analysis concerns whether this localized timing disturbance can produce a positive delay on
the critical-server component. Accordingly, the critical-circuit margins s32 and s13 should not
be interpreted as parameter-perturbation bounds in the conventional robustness sense. For the
canonical model considered in this work, they instead provide exact thresholds for the magnitude
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of an event-time delay that can be absorbed without inducing a positive delay on the critical
server.

A related distinction arises in comparison with switching and feedback-based approaches.
Earlier work on the same production setting considered processing-time acceleration as a switching
intervention following delay propagation [11], while other max-plus switching studies employ mode
changes, supervisory feedback, or feedback control to meet prescribed performance requirements
[21, 22]. No such intervention is introduced in the present analysis. Once the initial delay is
imposed, the nominal matrix A remains unchanged throughout the evolution. The resulting
recovery can therefore be regarded as intrinsic to the system dynamics: “natural recovery” here
means that, after a finite number of cycles, the event-time trajectory returns to the nominal
trajectory because the non-critical paths possess sufficient intrinsic slack. This interpretation
distinguishes the recovery mechanism from control-based compensation or switching interventions.

Within this framework, the contribution is intentionally specific rather than a general
robustness or control theorem. The analysis yields exact server-specific delay thresholds for
the unique-critical-self-loop class and establishes finite-cycle recovery in the eigenvector regime.
The extended computations over three parameter sets reproduce the predicted below-threshold,
threshold, and above-threshold transition at both non-critical servers. Moreover, direct iteration
of the original max-plus state equation under different eigenvector translations and delay cycles
produces the same relative-delay trajectories, providing a computational check of the invariance
observed in the steady regime. These results support the interpretation of the critical-circuit
margins as intrinsic delay-tolerance thresholds of the canonical system, while also delineating
the scope of the conclusions. Other critical-circuit configurations, arbitrary transient initial
states, repeated or simultaneous event-time disturbances, and controlled recovery following delay
propagation are not covered by the present analysis.

4. Conclusion
This study analyzed delay tolerance thresholds and natural recovery in a three-server fork–join
production system modeled over max-plus algebra. The analysis focused on the canonical case
in which the self-loop at server 2 is the unique critical circuit. Branch symmetry was used to
justify the equivalence of the two parallel fork branches, while delay recurrences were used to
characterize how a single delay moves among the three servers.

The results show that every positive delay at the critical server propagates, so ∆∗
2 = 0. In

contrast, non-critical servers can tolerate delays up to the exact threshold values ∆∗
3 = s32 and

∆∗
1 = s13 + s32. If a delay at a non-critical server does not exceed its threshold, the system

returns permanently to its nominal trajectory without switching intervention within at most
2 ⌈δ/τd2⌉ cycles, where τd2 = min{σ1, σ3, s13}. The expanded numerical checks reproduce the
predicted threshold transition for three distinct admissible parameter sets and confirm identical
relative-delay behavior for different delay cycles and eigenvector translations within that regime.

The principal contribution is therefore not a general perturbation-robustness result, but an
exact event-delay characterization for the stated canonical fork–join regime: the system matrix
remains unchanged, the delay is localized at one server event, and the derived critical-circuit
margins determine whether the disturbance is naturally absorbed or becomes permanently
propagative. This separates the present result from bounded parameter-perturbation robustness
and from switching-based recovery. Future research may extend the analysis to other critical-
circuit configurations, arbitrary transient initial states, multiple or repeated delays, stochastic
processing times, and controlled switching policies for systems in which delay propagation has
already occurred.
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